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Abstract. Let G be a finite group, K a normal subgroup of G and H ^ G 
such that G = HK, and set L = H n K . Suppose i? £ Irr K and ip £ IrrL, 
and ip occurs in i?^ with multiplicity n > 0. A projective representation of 
degree n on H/L is defined in this situation; if this representation is ordinary, 
it yields a Morita equivalence between CGe^ and CHe^, and thus a bijection 
between Irr(G | and Irr(_ff | ip). The behavior of fields of values and Schur 
indices under this bijection is described. A modular version of the main result 
is proved. We show that the theory applies if n and \H/L\ are coprime. Finally, 
assume that P ^ G is a p-group with P n K = 1 and PK normal in G, that 
H = Ng(P), and that i? and ip belong to blocks of p-defect zero which are 
Brauer correspondents with respect to the group P. Then every block of FpG or 
QpG lying over i? is Morita-equivalent to its Brauer correspondent with respect 
to P. This strengthens a result of TuruU [Above the Glauberman correspondence, 
Advances in Math. 217 (2008), 2170-2205]. 



1. Introduction 

Let G be a finite group, K < G and H ^ G such that G — HK, and set 
L = H O K . Suppose d e Irri^T and ip G IrrL are invariant in G respective H. We 
wish to compare the sets of characters Irr(G | and lii{H \ (p). Questions of this 
type occur in many applications, and so this situation has already been studied 
by many authors (s) [6) [iTJ [l3j [l6l [30] . In particular, there are many results that 
construct, in special cases of the above situation, a bijection between Irr(G | and 
Irr(i7 I (p). 

Here we will assume that (i9l,(;9) = n > 0, that is, ip occurs in the restriction of 
■& to L with non-zero multiplicity n. In this situation, an n-dimensional projective 
representation of H/L arises naturally, as we will see. If this representation turns 
out to be projectively equivalent to an ordinary, "honest" representation, it yields a 
bijection between Irr(G | d) and lrr{H \ ip). This establishes a new, quite general 
approach for finding such a character correspondence. 

Let us give a somewhat more detailed outline of the idea. Let e§ E CK and 
G CL be the central primitive idempotents associated with the characters and ip 
and set i = e^e^. This is a nonzero idempotent in CK. Let S = (iCKi)^ = CiCKi{L), 
the centralizer of L in iCKi. It can be shown that S = M„(C), an n x n-matrix 
ring over C. The group H/L acts on S by conjugation, and for every Lh G H/L 
there is a{Lh) S S* such that s'^ — s"^^^^ for all s e S. This defines a projective 
representation a : H/L S*. If cr is multiplicative, we call it a "magic" representation. 
We will show that every magic representation a determines uniquely a bijection 

L = t(cr) : Irr(G | z9) ^ Irr(i? | ip) 
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with good compatibility properties (see Theorem 4.3 for the precise statement). A 
property particular to our situation is the following: Let ip be the character of the 
magic representation <t. Then for x ^ Irr(G' | ^) we have 



4elrr(i/|<^) 
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Note that the left hand side is the part of xh that lies above Lp. 

As most readers probably know, the G-invariant character § determines a coho- 
mology class of G/K, that is, an element of H'^{G/ K,C*). We denote this element 
by ['&]g/k- Similarly, ip determines a cohomology class ['p]h/l € H^{H/L,C*). As 
G/K = H/L canonically, it is meaningful to compare ["i^lc/A: ^-J^d [(p]ij/i^. One can 
show that ['i}]G/K[f]fj^/L is J^^t the cohomology class belonging to the projective 
representation a described above. This also explains the existence of the character 
bijection, since it is known that [i9]G/if determines Irr(G | f?), in some sense 
Chapter 11], and similarly for tp. 

The results described so far are proved in Section [3] and [4] In fact, we work with 
a field F containing the values of -d and ip instead of C. We show also that our 
correspondence has good rationality properties. 

In Section [6) we go one step further and skip the assumption that i) and ip 
are invariant in H. This can not be handled simply by the well known Clifford 
correspondence between Irr(G | t?) and Irr(G^ | -d) for the following reason: Suppose 
C e Irr(Gi) I I?) and x = ^"^ is its Clifford correspondent. Then Q(x) C Q(^), but 
this may be a strict containment. In particular, we may have Q{'d) ^ Q(x)- Of 
course Q{xk) C Q{x), and Q(xif) depends only on and the embedding of K in G, 
but not on x itself. Since we want results as general as possible about the behavior 
of fields of values and Schur indices under our character correspondences, we have 
to work over a field not necessarily containing the values of ?? and p. This involves 
various technical difficulties. Some preliminary material is contained in Section [5] 
In Section I?] we show that the results apply when n = (-dLjip) and \H/L\ are 



coprime. This slightly generalizes a result of Schmid 27 



In Section [8] we prove a technical result that can be used for inductive proofs, 
and in Sections [9] and [TO] we study relations with modular representation theory. 

Finally in Section [TT] we assume that, additionally, we have a p-subgroup P ^ G 
such that KP < G and PDK = 1, that i) and cp have p-defect zero (in K respectively 
in L) and that their blocks are Brauer correspondents with respect to P, and we 
let H = N(3(P). (If K happens to be a p'-group, then d and (p are Glauberman 
correspondents.) We show that our theory applies in this situation, thus getting 
Morita equivalences between group algebras over the prime field with p elements 
and over the field of p-adic numbers (Corollaries 11.2 and 11.3 1. In fact, we even get 
Morita equivalences between blocks over and (p which are Brauer correspondents 
with respect to P. This generalizes a recent result of Turull [30' and provides an 
alternative proof thereof. 

The theory of magic representations also applies above fully ramified sections of 
a group, as studied by Isaacs and others. Indeed, much more information on 
the character of the magic representation is known in this case. In particular, in 



another paper 18 we use the methods of the present paper to show that a character 



correspondence described by Isaacs preserves Schur indices over the rational numbers. 



The results of this paper are part of my doctoral thesis 17 , but some of them 
appear here in a more general form than in my thesis. 
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2. Central forms and central simple subalgebras 

We review some preliminary material in this section that we need later. Let C 
be a ring. We write M„(C) to denote the ring of n x rt-matrices with entries in C. 
Let Eij be the matrix such that the entry with index is Ic, and all the other 
entries are Oc- The set {Eij \ i,j = 1, . . . ,n} has the following properties: 

n 

EijEki = SjkEii and En = 1. 

1=1 

Now let A be any ring. Any subset E = {Eij \ i,j = 1, . . . ,n} of A with these 
properties is called a full set of matrix units in A. If such a full set of matrix units 
exists, then A = M„(C), where C = Ca{E) [19} pp. 17.4-17.6]. The isomorphism 
sends the n x n- matrix (cy ) to CijEij. 

Now suppose that A is an i?-algebra, where R is some commutative ring, and 
i? C ^ is a full set of matrix units. Let S be the _R-subalgebra generated by 
E. Then, by the result cited above, we have S = M„(i?). It is also clear that 
Ca{S) = Ca{E) =: C. It follows that A=S C canonically, via s ^ c sc. 

In the next few results, we will consider the following situation: Let F be a field 
and S a central simple F-algebra. Suppose is a subalgebra of the F-algebra A and 
set C — C/i(S'). The following lemma is probably well known: 

2.1. Lemma. S (8)f C ^ A canonically (via s (g) c i— >■ sc). 

Proof. Define an algebra homomorphism k: S C —>■ A by (s (X) c)" = sc. We have 
seen above that k is an isomorphism if S" ^ M„(F). In the general case, there is 
a field E ^ F such that 5 Of E M„(E). Then Ca(»MS 0f E) = C Of E, and 
(5'(8)fC)(8)fE = (5'(8)fE)(8)e(C«)fE)- It follows that kOI: (S'(g)FC)(8)FE ^ AOfE 
is an isomorphism, and thus k is also an isomorphism. □ 

2.2. Notation. Let i? be a commutative ring and A an i?-algebra. We denote by 
ZF(A, R) the set of central i?-forms on A, that is the set of i?-linear maps t: A ^ R 
with T{ab) = r(6a) for all a,b ^ A. 

Note that an i?-lincar map r : A — > i? is a central form if and only if [A, A] = 
{^j(ai&i — bitti)} C kerr. Using this, one easily proves: 

2.3. Lemma. Let A and B be R-algebras. Then 

{a,T) ^ a (^T e ZF{A (g)^ B,R), {cr t) {a b) = a{a)T{b) 
defines a canonical isomorphism 

ZF(A, R) (g)_R ZF(B, R) = ZF{A (E}r B, R). 

We return to the situation where 5* is a central simple algebra over the field F. 
We denote the reduced trace of the central simple F-algebra S by tis/w or simply tr, 
if no confusion can arise. Remember that the reduced trace is computed as follows: 
first choose a splitting field E of S" and an isomorphism e : S* Of E — > M„ (E) , then 
let tr5/F(s) be the ordinary matrix trace of (s O 1)"^. Then indeed tr5/F(s) is a 
well-defined element of F |25| Section 9a]. The kernel of trg/f is exactly the subspace 
[S, S]. Thus ZF(5, F) = F • ti s/w = F. 

Now suppose S ^ A and C — Ca{S) as above. Combining these remarks with 
Lemma [2.1 1 and Lemma [2. 3| we get that 

ZF(C, F) ^ ZF{S, F) Of ZF(C, F) ^ ZF(S' Of C, F) ^ ZF{A, F). 

Any central form x G ZF(j4,F) can be written as tr^/jrOr for some r G ZF(C, F). 
The next lemma describes r in terms of x- 



4 



FRIEDER LADISCH 



2.4. Lemma. Pick sq G S with tr5/F(so) = 1- Consider 

ZF(AF) 9x^x"eZF(C,F), x'{c)^xM forceC. 
Then e is an isomorphism, is independent of the choice of sq and 
x(sc) = tr5/ir(s)x'^(c) for a// s £ 5 and c <E C . 

Proof. We have [S,S]C = [SC,S] C [A, A] C kerx for any x e ZF(A,F). Since 
dimF(S'/[S', S"]) = 1, it follows that for any s e S" we have s — trs/f{s)sQ £ [S,S]. 
Thus 

x{sc) = x{{s - trs/F(s)so)c + tr5/F(s)soc) = trs/w{s)x{soc). 
This shows the last claim. If t e ZF(C, F), then t(sc) = tr5/p(s)r(c) defines a 
central form r on A, since A=S (S)w C. It is clear now that r i— ?> r is the inverse of 
e. Since the definition of r is independent of sq, the map e is independent of sq, too. 
The proof is finished. □ 

2.5. Lemma. Assume that S = M„(F). Then x^ affords a C -module if and only if 
X affords an A-module. 

Proof. Identify A with S ®C . Let ^ be a simple 5'- module. Then trg/p = try. Thus 
if is the character of the C- module M, then x is the character of the A-module 
F (g)F M. Conversely, suppose x is the character of the S ®¥ C-module N. Since 
S is split, there is an idempotent e G 5 of trace 1. Then the character of Ne as 
C-module is obviously x^- D 

Remark. If S is possibly not split and V a simple S'-module, then try = mtvg/^ for 
some TO e N (the Schur index of S) . Thus if x^ affords the C-module M, then tox 
affords the A-module V ® M . 

2.6. Remark. The proofs of the last lemmas are easier when S = M„(F). Moreover, 
in this case Lemmas |2 . 1 1 12 .4] and [275| remain true for commutative rings F, not just 
fields. 

Now let i? be a commutative ring and A an i?-algebra. An idempotent i £ A 
is called a full idempotent of A if AiA = A. It is well known that A and iAi are 



Morita equivalent when i is full 19 p. 18.30]. The following is also well known. 



2.7. Lemma. Let A he an R-algebra and i a full idempotent of A. Set C = iAi. 
Then restriction to C defines an isomorphism from ZF(A,i?) onto ZF(C,R), and 
T\c is the character of a C-module if and only if r is the character of an A-module. 

Proof. Suppose 1^ = X)fe=i ^kiyk with x^, e A. If ^ e ZF(C, R), then ^ defined 
by ^(6) = ?(*J'fc^2;fci) is a central form, as a routine calculation shows. The 

map ^ !-->• ^ is the inverse of restriction. 

It is clear that if x is the character of the A-module M, then x\c is the character 
of Mi as C-module. Conversely if x\C is the character of the C-module N, then x 
is the character of the A-module N (K)c i^- D 

3. Magic representations 

Throughout this section we assume the following situation: 

3.1. Hypothesis. Suppose C — HK is a finite group where K < C and H ^ C, 
and set L = H D K. Let F be a field with algebraic closure F. Let •& G Irr^ if and 
ip G IrrpL be irreducible characters, such that (f occurs in i?^ with multiplicity 
n > 0. Assume that d and (p are invariant in H and that V{(p) = ¥{'&) = F. If F is a 
field of characteristic p > 0, assume that d and ip belong to p-blocks of defect zero. 



Character correspondences 



5 



G 



d K. 




H 



if L 



Figure 1 . The Basic Configuration 



The assumption for charateristic p assures that there are central primitive idcni- 
potents (respective e^) in VL (respective VK) such that </3(FLe^) ^ (respective 
■diVKe^) ^ 0) and such that VLe^p and '¥Ke^ are central simple algebras over F. 
In characteristic zero, this is true anyway. We set i = e^e^. Observe that = i 
for all /i G H and that — e^e^e^e^ — e^e^ — i since G TiiVK). We write 
S = {iVKi)^ ~ Ci¥Ki{L). We fix this notation for the rest of this section. 

3.2. Lemma. S is a central simple ¥-algebra, its dimension over F is r? , and 
C^Fif*(^) =FLi^FLe^. 

Proof. Let V be a FX- module affording -d. Then Vi = Ve^p is the (/3-part of Vj;^, 
and thus Vi = nil for some simple FL-module affording ip. (In particular, i ^ 0.) 
The isomorphisms VKe^ = End^ = M^(i)(F) restrict to isomorphisms i¥Ki ~ 
Endf{Vi) = M„^(i)(F). In particular, dimw{i¥Ki) = rt^(^(l)^. 

Since « ^ 0, the ring homomorphism a ai ~ ae^ from FLe^p to ¥Li is not zero. 
As FLe^ is simple, the map a i— > ai is injective. Thus ¥Le^ ^ ¥Li. 

The algebras ¥Ke^ and i¥Ki are central simple. By definition, S is just the 
centralizer of FLi in i¥Ki. By the Centralizer Theorem [o] Theorem 3.15], S is central 
simple, too, and the centralizer of S is again ¥Li. Also i¥Ki = S ¥Li. From this 
and from dimf{i¥Ki) — ri^(p(l)^ it follows that dim^ S' = as claimed. □ 

3.3. Corollary. i¥Gi = 5 ®f C, where C = C,vgi{S). 

Proof. Clear by Lemma [2. 1[ □ 

3.4. Lemma. FA'e^ = ¥Ki¥K and FGe,, = FGiFG. 

Proof. The first assertion follows since ¥Ke^ is a simple ring and i ^ 0, and the 
second follows from the first. □ 

By the last two results and the results from Section [2] the characters of ¥Ke^ are 
in bijection with the characters of C . We now work to find isomorphisms between 
C and ¥Heip. Such isomorphisms exist under additional conditions. 

3.5. Lemma. Let T be the inertia group of in 'Ng(L). Then T/L acts on S = 
(i¥Ki)^ (by conjugation). There is a projective representation a: T/L — > S such 
that sO = s^^^s) for all s G S and gGT. 

Observe that by Hypothesis |3.1| we have LI ^T. 

Proof. As "i? is G-invariant, T acts on S and clearly L acts trivially on S. Since S 
is a central simple F-algebra, all automorphisms are inner by the Skolem-Noether 
Theorem [9j Theorem 3.14]. We can thus choose cr(Lg) € S for every g G T such 
that s^ = s°'(-^9) for all s € S. This determines cr{Lg) up to multiplication with an 
element of Z(5') = ¥i. In this way we get a projective representation a from T/L to 
S with the desired property. □ 
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We digress to prove a fact mentioned in the introduction. We write [i?](G/if,F) for 
the cohomology class in H'^{G/K,¥*) determined by d. We write ['d]{H/L.¥) for its 
image in H'^{H / L,¥*) under the isomorphism induced by the natural isomorphism 
G/K ^ H/L. 



3.6. Remark. Choose a as in Lemma 3.5 Let a be the cocycle of H/L defined by 

(j{x)a{y) = a{x,y)a{xy), 
and let [a] E H'^{H/ L,¥*) be its cohomology class. Then 

[^](H/L,¥) = HM(H/L,F)- 

Proof. Let us first recall the definition of [&][g/k,¥) ^-nd [y^](H/L.¥}'- For every g € G 
there exists Ug e ¥Ke^ such that = a"« for all a G ¥Ke^. This can be done such 
that Ugk — Ugk and Ukg = kug for all k £ K and g & G. Define / G Z^{G,¥*) by 
UxUy — f{x, y)uxy. Then / is constant on cosets of K and thus may be viewed as 
an element of Z'^{G/K,¥*). Its cohomology class is, by definition, [&](g/k.¥)- (A 
more usual approach is probably this [l5j Theorem 11.2]: Suppose ■(? is afforded by 
a representation D: K ^ M^(i)(F). (This may not be the case!) Extended D to 
a projective representation of G. The corresponding factor set / defines [^](g/k,¥)- 
Note that if Ug as above are defined, we may extend D by setting D{g) = D{ug).) 

Similarly, choose Vh G FLe^ such that = b"*^ for all 6 G FLe^. 

Since i¥Ki = S ¥Leip, we get that for s E S and b E ¥Le^, we have 

Since i¥Ki is central simple, it follows that iuh = \h(j{K)vh with A/i E ¥. The proof 
follows. □ 



3.7. Definition. In the situation of Hypothesis |3.1[ we say that 

cr: H/L^ S= {i¥Ki)^ 
is a magic representation (for G, H, K, L, d, (p), if 

(a) a{Lhih2) = a{Lhi)(j{Lh2) for all hi, h2 E H and 

(b) = s'^t^'') for all s e 5 and h E H. 

The character of a magic representation, that is the function -0 : H/L ¥ defined 
by ^{Lh) = tTg/f{a{Lh)), is called a magic character. 



3.8. Theorem. Assume Hypothesis 3.1 and let a: H/L S he a magic representa- 
tion. Then the linear map 

k: ¥H ^ G = CiWGiiS), defined by h ^ ha {Lh)~^ for h E H , 

is an algebra-homomorphism and induces an isomorphism ¥Heip = G . 

Proof. For h E H lei Ch = hcr{Lh)^'^ = a{Lh)^^h. (The inverse a{Lh)~^ is the 
inverse in S, so a{Lh)a{Lh)^^ = i.) Clearly Ch E G . Note that 

CgCh = ga{Lg)-^ha{Lh)-^ = gh{a{Lg)-^Y^^^^ (j{Lhy^ 

^ gha{Lhy^a{Lgy^ = gha{Lghy^ = Cgu. 

Thus extending the map h i-^ linearly to ¥H defines an algebra homomorphism 
k: ¥H G. For I E L we have I ^ la{L)^^ = li = I ■ Ic. Thus k restricted to FL 
is just multiplication with z, so that e^pK = e^pi ~ i — Ic, and any other central 
idempotent of FL maps to zero. Therefore 

{¥L)k = {¥Le^)K = ¥Li. 

For any h E H we have {¥Leph)K — ¥Lich. Let T be a transversal for the 
cosets of L in H. As ¥Hep = Qt^x ^Lcipt, the proof will be finished if we show that 
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C — VLict- But this follows from standard arguments from the theory of group 

graded algebras: The decomposition FG = @^^j.¥Kt yields the decomposition 
i¥Gi = ®^^j.iVKti. For Kg € G/K set C^g = C n¥Kg = CifKgtiS). Since 
S C iVKi, the centralizer C of 5 inherits the grading of i¥Gi: 

KgeG/K teT 

As Ct G C n i¥Kit — C C\ iFKti — Gki and Cj is a unit of C, we conclude that 



so equality holds throughout. As Ck = CiWKiiS) ~ ¥Li by Lemma 3.2 the proof 



follows. □ 



Remark. If the projective representation of Lemma |3.5| is not equivalent to an 
ordinary representation, we still get some result. Let a be a factor set associated 
with a, that is, a{x)a{y) = a{x,y)a{xy) for x,y ^ H/L. We may view a as a 
factor set of H which is constant on cosets of L. Let F" [H] denote the twisted 
group algebra with respect to a~^, that is, F" [H] has a basis {bh \ h e H} where 
hhhg = a{h, g)~^bhg- The ordinary group algebra FL can be embedded in the twisted 
group algebra F" [H\ in an obvious way, and thus it is meaningful to view as an 
idempotent in F" [H\. With this notation, nearly the same proof as above shows 
that C^F«"'[iJ]e^. 

The following is an immediate consequence: 



3.9. Corollary. Assume Hypothesis \3. 1\ and that there is a magic representation 
for this configuration. Then i¥Gi = S <Eif ¥He^ and if S = M„(F), then ¥Ge^ and 
FHctp are Morita equivalent. 



Proof. The first assertion follows by combining Theorem |3.8| with Corollary |3.3[ 
U S ^ M„(F), then ¥He^ and i¥Gi = M„(FiJe<p) are Morita-equivalent, and 
¥Ge§ and i¥Gi are Morita-equivalent, since z is a full idempotent in ¥Ge^ by 
Lemma 13.41 □ 



4. Character correspondences 

If F ^ C, then every magic representation yields a character correspondence 
between Irr(G | i)) and lii{H \ ip). We need some additional general notation to 
state the properties of this correspondence. 

4.1. Notation. 

(a) For any central simple F-algebra 5', let [S] denote the algebra equivalence 
class of S in the Brauer group of F. 

(b) For X G In'G and F C, set [x]f = [¥{x)Ge^]- This is an element of the 
Brauer group of F(x). 

4.2. Notation. For 7: G — > C a class function and an irreducible character of 
some subgroup, let 7^ be the class function defined by 

7i? = (7,x)gX- 

XGlrr(G|il) 

This is the part of 7 that lies above i?. We will need the case where i9 is an 
irreducible character of some normal subgroup and invariant in G. Note that then 
719(5) = 7(56^1). 
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4.3. Theorem. Assume Hypothesis 3.1 with F ^ C. Let a: H/L — > 5* be a magic 
representation. Pick sq (z S with tTs/f(so) = 1. Let U ^ G with K ^ U. For 
X e C[Irr(C/ I d)], define 

(1) x'{h)^x{so<y{Lh)-'h). 

Then i — L{a): C[Irr(C/ | -d)] — > C[Irr(C/ n H \ ip)] is an isomorphism independent of 
the choice of Sq. Let ijj he the character of a. The correspondence l has the following 
properties: 

(a) X G lri{U I i)) if and only if x^ G Irr([/ O H \ cp). 

(b) {xlx'2)unH = {xi,X2)u for XI, X2 € C[Irr(;7 | i?)]. 

(c) x(i)Mi) = xHi)Mi)- 

(d) {xu,Y = {x')u,nH forKi^U^i^U^^G and x & C[Irr(t/2 | i?)]. 

(e) {t'^^Y = (T')'^2nH forK^Ui^U2^G and r G C[Irr(i7i | i?)]. 

(f) (XO" = (x")' for heH. 

(g) WxY = PX' for all 13 € C[Irr([//X)]. 

(h) If a is a field automorphism fixing ¥, then (x")' — (xO"/ '^rid F(x) — F(x'). 

(i) [x]f = [5^fF(x)][x1f V X G Mu I I?), 
(j) (xc/n//)^_= V'X' /or X G C[Irr(C/ | d)]. 

(k) (^'^)^ = Ve" /or e G C[Irr(;7 r]H\ip)]. (H ere we view '0 as character on 
G / K , via the canonical isomorphism G / K = H/L.) 

Proof. Note that 

<C[lrr{G I d)] = ZF(CGe^, C) and C[lii{H \ ^)] ^ ZF{CHe^,C) 

naturally. We work first over C. Set Sc = (iCKi)^ and Cc = CicaiSc)- 

By Lemma |3.4| we have CGe.g = CGiCG. Lemma |2.7| yields that restriction 
defines an isomorphism ZF(CG'e^,C) — > ZF{iCGi, C). 



Since Sc = (i^Ki)^ = M„(C) by Lemma 3.2 Lemma 2.4 yields an isomorphism 
e: ZF(iCGi,C) ^ ZF(Cc,C). 



Finally, the isomorphism n: CHe^ Cc of Theorem 3.8 (applied with F = C) 
yields an isomorphism k* : ZF(Cc,C) ZF{CHe^,C). 

We claim that t is the composition of these three isomorphisms: 

ZF(CGe^,C) ZF(iCGi,C) -^-> ZF(Gc,C) ZF(CHe^,C) 
|2tJ jsjsl 

To see this, let h e H and x G C[Irr(G | d)]. Then 

X«— = x'HLh)-'h) = xMLhr'h). 



Moreover, Lemma [2 .4| yields that e, and thus l — Res • sk* , is independent of the 
choice of sq. 

It follows from Lemma |2.7| and Lemma |2 . 5 1 that the first two isomorphisms send 
characters of (irreducible) modules to characters of (irreducible) modules. This is 
true for k* , too, since k is an isomorphism. Thus t: ZF(CGe^,C) — >■ ZF(Ci?e,^,C) is 
an isomorphism that sends irreducible characters to irreducible characters. It follows 
that L respects the inner product on the space of class functions on G respective H. 

Of course our reasoning so far applies to any subgroup U with K ^ U ^ G instead 
of G, and to V = H (lU instead of H. Thus we get an isometry t: ZF(CC/e^,C) — >■ 
ZF(CFe,p,C) for every such subgroup U. We use the same letter t to denote all 
these isometries and their union. We have now established that t is well defined and 



bijective, as well as Properties (a) and|(b)|of l 
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To show that (c) holds, we choose sq = {l/n)i = (l/n)e^e^. Remember that 
n — {■dL.ip)^, so that i9(e<^) = nif{\). Thus 

X^(l) _ x((l/n)e^e^) _ x(e^) _ {XK.^)^{e^) _ _ x(l) 



^(1) 



rnp{l) 



rnp{l) 



Properties |(d)] - |(h)| are consequences of a general theorem about graded Morita 
equivalences i22i Theorem 3.4], which applies here. It is, however, not difficult to 



prove them directly. We do this for (g) and |(h)[ 
Let /3 e C[Irr(G/i^)]. Then 

Writing soa{hy^ = Y^keK with e F, we get 

iPxYih) = ^kl3{kh)x{kh) = (3ih) J2 >^kX{kh) 

keK keK 

= P{h)xisoa{hr'h) = mx'ih). 



This proves 
To prove 



(g) 



(h) 



write soa{h) ^ = J^keK ^kk as above. Since G F, it follows 
ix'^nh) = x"MLh)-'h) ^ >^kX"{kh) 



keK 



keK \keK J 



= {X\h)r. 

Thus (x")' = (x')", and F(x) ^ F(x') follows from this. 

Now let X G Irr(G | d). Then [x]f is the equivalence class of F(x)Ge;^ in the Brauer 
group of F(x). By |(h)| we may assume that F = F(x) = F(x'). The isomorphism 
of Corollary |3 . 9 1 sends S ®¥ FiJe^^ onto iVGie^ — i¥Ge^i. But this central simple 



algebra is in the equivalence class of FGe,,-, since ie^ is an idempotent. This proves (i) 
Property [0]] For x e C[Irr(G | d)] we have 



{XH)ip{h) = x(^e^) = x{he^ei)) = x{hi). 



Now note that hi — ih 
definition of t, we have 



a{Lh)(T{Lh) for h £ H. By Lemma 
X{ht) = trs/w{'y{Lh))x{so'j{Lh)-'h) = i>{h)x'{h) 



2.4 



and the 



as claimed in|(j)[ 

To prove |(k)[ it suffices to show that (t/j^' , x)g = iC'^ , x)g for all x G Irr(G | t9). 
Using what we have already proved, we get 

(v^e",x)G = (e",V'x)G 

= (^, (V'x)')ff (as L is an isometry) 

= {^,{xhUh (by[(j)]) 

^{^,Xh)h (as e e C[Irr(iJ I v^)]) 

^{e,x)G 



as was to be shown. The proof is complete. 



□ 
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The bijection of the theorem depends on the magic representation a. If such a 
representation exists, it is unique up to multiphcation with a hnear character of H/L 
(with values in F) . Different choices of a give bijections which differ by multiplication 
with a linear character of H/L. Note that if V'('i) 7^ for all h G H, then x' is 
determined by the equation (xff)^ = V'X''- Otherwise one needs the representation 
a to compute x'^ from Equation ([T]) . 

To formulate the next result correctly, we need the reduced norm of a central 
simple algebra S over F, which we denote by nrs/w or simply nr, if S and F are 
clear from context. Remember that it is defined as follows: First, choose a splitting 
field E ^ F of 5 and an isomorphism e : 5' (g)F E = M„ (E) . Then for s G S define 
nis/wis) = det(e(s (S) 1)), where det denotes the determinant of the matrix ring 
M„(E). It can be shown that nr(s) is independent of the particular isomorphism e 



and of the choice of E, and that nr(s) S F 25 § 9a]. If tr: H/L — >■ S'* is a magic 
representation, then x nr(CT(a;)) defines a linear character, which we denote simply 
by det a. 

4.4. Remark. Let tt be the set of prime divisors of n. If there is any magic rep- 
resentation, then there is a magic representation a such that det a has order a 
TT-number. 

Proof. Suppose a: H/L — > is given. Let A — deter, a linear character of H/L. Let 
b be the 7r'-part of o(A). As n = dim cr is tt, there is r G Z with rn + I = mod b. 
Then det(A''cr) = A™+i has 7r-order. □ 

Let a G Aut F be a field automorphism. Then a extends naturally to an automor- 
phism of the group algebra FG, which we denote also by a. Remember that Aut F 
acts on the set of class functions x - G —> F by x"(5) = (5 G G). As usual, a 

class function extends linearly to a funcion FG — ?> F. Note that then x"(c") = 
for c = Cgg G FG arbitrary. This will be used in the proof of the next proposition. 

4.5. Proposition. Let B = (G, H, K, L, ip) be a configuration such that Hypoth- 
esis 3.1 holds over the field F, and let a G AutF. If a: H/L S is a magic 



representation for B with magic character tp, then 

: H/L S defined by a'^h) = 

is a magic representation for B'^ = {G, H, K, L,'d°' , ip°') with magic character^"'. 
Let t(cr) and t((T") be the associated character correspondences. Then 

{X"f''''^^{x'^^^y for xeIrr(G|z?). 

Proof. Note that ej^ — e^a for the central primitive idempotent belonging to iJ. Thus 
cr" : H/L — > 5" = {i^W^Ki")^ with i" — e^^e^a is a magic representation for the 
configuration S". 

The isomorphism a maps the reduced trace of S to the reduced trace of S°' , by 
uniqueness of the reduced trace, and so ■0" is the character of cr". 

Let X G In'(G | 'd) and pick sq G S* with reduced trace 1. Thus tr5o/f(sg) — 1. 
Therefore 

(x")'(-°)(/i) = x^{s'^<^^{Lhy'h) - {{s^cj{Lh)-'hr) 

= xMLhr'hr = x'^"\hr = (x'^^^)" (/i), 

as was to be shown. □ 



4.6. Proposition. Assume Hypothesis 3.1 and let C ^ Ch{S) with L ^ C 
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(a) For every x ^ 1t:v{KC \ d), there is a unique G Irr(C | ip) such that 
(XC:C)c > 0. This defines a bijection between 1tt(KC \ iS) and Irr(C | (p), 



which has all the properties of Theorem 4-3 with ip — nlp/^. This bijection 
is invariant under all automorphisms of G fixing K , L, -d and Lp. 
(b) Assume that C < H , that ^ e Irr(C | ^p) is H-stable and x corresponds 
to ^. Then T = (e^VKCe-^e^)^' and S — {e^pFKe^Cip)'" are isomorphic as 
H/C-algebras. 



Note that if n = 1, then C/f (5) = H. This case of Part (a) is known and can 
be proved just using the orthogonaHty relations of ordinary character theory [14[ 
Lemma 4.1]. 



Proof. Theorem 4.3 applies to the configuration (KC, C, K, L, ip) with a: C/L 



S, cr(c) = Is ^ i for all c € C. Observe that then ^ = nlc- From Property (j) 



Theorem 4.3 it now follows that the restriction xc of every x S Irr(_fi'C | i?) has 
a unique constituent in Irr(C | ip), which occurs with multiplicity n, as claimed. 
Conversely, for ^ £ Irr(C | ip), the induced character has a unique constituent lying 
in Itt{KC I •&),hy Property |(k)[ The desired bijection is thus just the correspondence 



t of Theorem 4.3 Part |(a)| follows. 

Let j = e^e^, where we assume that ^ and x -ff-invariant. Thus T = (jFKCj)'-^. 
The idempotent j centralizes S, as is in the center of ¥KC, and € FC with 
C ^ Ch{S). It follows that for every s e 5*, we have sj = js — jsj e T. As 
Cp^e^ = and e^e^ = e^, it follows that ij = j. The map s i— sj is thus an algebra 
homomorphism from S into T. Since S is simple and dim^ S = n — dim^ T, the 
map is an isomorphism. It is compatible with the action of H as j is stable. □ 



4.7. Remark. Part ((assays that |Irr(ii'C | i?) nlrr(XC | ^)| = 1 for all ^ G Irr(C | ip). 
This contains the well known description of the characters of central products. 
Namely, let G be the central product of K and C, set L = KOC {so L ^ Z(G)), and 



suppose ip € Itt L. Then Part (a) applies with H — G for every i!} € Irr(fr | ip), since 



G centralizes K. We get a bijection between Irr(iirC | ip) and lrr{K \ ip) x Irr(C | ip). 
Part |(b)|has an interesting consequence, a "going down" result: 



4.8. Corollary. In the situation of Part \(b)\ of Proposition 4-6 assume that there 
exists a magic representation for the configuration G,H,KG,G,x,S,- Suppose L ^ 
D ^ G, let X & lrr{KD \ ??) and ^ G 1it{LD \ ip) and assume (XiC)-D > 0. Suppose 
D <i H and ^ is invariant in H . Then there is a magic representation a for the 
configuration {G, H, KD, D,x, £.) with G/D ^ kera. 



Proof. Clear since 



{e-¥KDe~e~)^ = S = {e^FKGe^e^)'^ 



as iJ/C-algebras for all such configurations. □ 



In terms of cohomology classes and in view of Remark |3.6[ this means that if 
[x]iH/c,¥) = [£.](H/c,¥), then [x]{h/d,¥) = [£,]{h/d,¥)- This is related to some results 
obtained in [l6] . 

Note that if the configuration (G, H, K, L, -d, ip) admits a magic representation 
a such that G/L ^ kertr, then a may be viewed as a magic representation for the 
configuration {G, H, KG,G,x,£,)- I* may be possible, however, that there are magic 
representations for the configuration of i? and ip, but no magic representation whose 
kernel contains G/L. 
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Figure 2. Corollary |4.8| 



5. Semi-invariant characters 

Throughout this section, let F be a field with algebraic closure F. Let K < G 
and ■& e lirf{K). If p ^ charF > 0, then we assume that d has p-defect zero. There 
is a unique central primitive idempotent of ¥K, such that does not vanish on 
¥Ke^. The assumption assures that FKe^i = Md(F) where d is the dimension of a 
module affording i?. 

If a is an automorphism of a field E, then we denote also by a its natural extension 
to the group algebra EG, where a centralizes G. We need the following well known 
fact. 



5.1. Lemma. 



E 

QeGal(F(i3)/F) 



is the unique central primitive idempotent of ¥K for which "diFKe) ^ 0. 

Proof Let F = Gal{F{d)/¥). Note that = (e^,)" for a € F. Obviously, only the 
identity of F fixes d or e^. Thus for a 7^ /3 S F, we have {es)"{e^)^ = 0, so e is an 
idempotent. 

It is clear that e G Z{¥K) and that i) does not vanish on ¥Ke. (Otherwise i? would 
vanish on Fii'e^.) We claim that e is a primitive idempotent in Z(¥K). Indeed, if 
7^ / e Z{¥K) is an idempotent with fe ~ f, then e^f — ejj for some a eT. Then 
for any cr S F, we have ie^)°"^f = (e^)""" f = {e^fy = {e^y , and thus / = e. □ 



5.2. Notation. We write f) for the idempotent of Lemma 5.1 In particular, if 
F = ¥{■{)), then e(^^F) = e^. 

5.3. Lemma. 

FG'^)e(^ F) 3 a !-> ae^ G ¥{d)G^e^ 
is an isomorphism of ¥-algebras. 



T:7"\ extended from ¥{d) to ¥{'ff)G 



Proof. Since £ Z(F(i?)Gi5), the map is multiplicative. 

The inverse is given by the field trace T = T^'''-' 
and then restricted to ¥{-d)Gi,ei,: If 5 S ¥{'d)Gi,ei), then 5" £ F(?9)G^ei)o for a G 
Gal(F(i9)/F). If a 7^ 1, then b^e^ ^ 0. Thus T{b)e^) = ben = b. Conversely, for 

a e FGije(^^F) we have T{aen) — aT{en) — ae(ij.F) — a, since T{e§) ~ f)- D 
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As a consequence, Z{¥Ke(^,f)) = ¥{'&). This is of course well known. An isomor- 
phism is given by the central character uj§. 

The following notation will be convenient: Let K < G and e G Z{¥K). Let 
Ge = {g € G \ — e} and write for the idempotent defined by e*^ :— Tq (e) = 

The following result is also well known: 

5.4. Proposition. Set e — p) and f — and let T = G^ be the inertia group of 
e. Then ¥Gf = M.^Q.x\(¥Te). Induction defines a bijection between Irr(r | ■!?) and 
Irr(G I I?) that preserves field of values and Schur indices over ¥. More precisely, 
F(t^) = F(t) and [t% ^ [t]w for t e Irr(T | d). 



(Here [tJf is the equivalence class in the Brauer group associated with r, see 4.1 ) 



Proof Let G = U„gj^ Tu. Since 7^ e for g e G \ T, it follows e^e = and thus 
ege — 0. From this it follows easily that {Eu^v — u~^ev \ u,v E R} is a full set of 
matrix units in ¥Gf and that e¥Ge — ¥Te. It is then routine to verify that 



¥Gf3a^ {euav-^e)u,veR e M\G:T\{^Te) 



and 



M|G:T|(FTe) 3 {hu,^)u,v ^ Yl u'^KvV e FGeFG = ¥Gf 



are inverse isomorphisms. 

This isomorphism yields a bijection between isomorphism classes of FG/-mod- 
ules and FTe-modules. Let V be an FTe-module. Then is a module over 

M|G:T|(]FTe) = ¥Gf, and as FG/-module is isomorphic to V (g)rT FG via 

the map {vu)ueB. J2u€R'^'^ Thus induction yields a bijection between iso- 
morphism classes of FTe-modules and FG/-modules. (Alternatively, one can check 
directly that {V (^wt FG)e ^ V as FT-modules, and that, if W is an FG/-module, 
then We ^rr FG ^ as FG-modules.) 

Applying the above reasoning over C instead of F yields that induction is a 
bijection between Irr(r | -d) and Irr(G | i?) (this is the well known Clifford correspon- 
dence, anyway). That it preserves fields of values and Brauer equivalence classes 
can now be seen as follows: Suppose r e Irr(r | ■&). Let F be a simple FTe-module 
whose character contains t as constituent. Then End^r F is a division ring in [tJjf, 
and F(r) = Z(EndFT V). Since we have EndpT V = EndFG(F (^ft FG), it follows 
[t% = [r]F and ¥{t^) ^ F(t). Since clearly F(t^) C F(t), we have F(r<=^) = F(t) 
as claimed. □ 

In general, G^ may be smaller than Ge = T. For ^ e Irr(G^ | the field F(f'^) 
is contained in F(^), but may be strictly smaller. If this happens, the Schur index of 
^'^ may be bigger than that of ^. 

5.5. Definition. ^12j Definition 1.1] Let < G and e IrrK. We say that 1} is 
semi-invariant in G over the field F, if for every g £ G there is a G Gal(F(i?)/F) 
such that -d^ — d". If is semi-invariant over Q, then we say it is semi-invariant. 

5.6. Lemma. The following assertions are equivalent: 

(i) i!) is semi-invariant over ¥ in G. 

(ii) The idempotent p) is invariant in G. 

(iii) A simple ¥K-module whose character contains d as constituent is invariant 
in G. 
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Proof. The equivalence between (i) and (ii) is clear. 

Let y be a simple FiC-module. The character of V contains -d if and only if 



^6(!J,F) = ^ (by Lemma 5.1 ), and V is determined uniquely up to isomorphism by 
this property, since FKcf^^ j-f is artinian simple. The equivalence between (ii) and 
(iii) follows. □ 

5.7. Lemma. Let K < G and G Ivv K be semi-invariant over F. Set T = 
Gal(F(i?)/F). 

(a) For every g (z G there is a unique ag €T such that = d. 

(b) The map g ag is a group homomorphism from G into T with kernel G^. 

(c) For g (z G and z G Z(¥K) we have ijj^{z^) — lj^{z)'^o , where 

Lu^ : Z(Fi^) ^ F(i?) 
is the central character associated with 



Proof. Assertions | (a) | and | ( b) | are proved in a paper of Isaacs 12 Lemma 2.1]. 

Let D: K ^ Mc;(F) be a representation affording d. Then , defined by 
D^iks) = D{k) for k e K, affords i^^. For a G Gal(F/F) we may define a represen- 
tation by letting a act on the matrix entries; it is clear that affords Now 
u!^ is defined by D{z) = Ld^{z)I for z G Z{¥K). We may extend to a G Aut(F). 
Then 

uJi){zS)I = uj^o„{z3)I = = D^iz). 



If ze Z{¥K), then D°'{z) ^ D{z)°' ^ lj^{z)"I. Thus [(c)] follows. □ 

6. Magic crossed representations 
In this section, we assume the following situation: 

6.1. Hypothesis. Let G be a group, K < G and H ^ G with G = HK and set 
L — H O K. Let F be an algebraically closed field and let ip G Irr^ L and i3 G Iri^K 
be characters of simple, projective modules over FL respective FA' and F C F a field 
such that the following conditions hold: 

(a) n^i'dL,^) > 0. 

(b) F((/j) = F(^?). 

(c) For every h e H there is 7 = 7/1 G Gal(F(<y9) /F) such that = ■& and 

The field may have characteristic p > 0, then the conditions imply that ip and •& 
have p-defect zero. 

This situation typically arises when -d and ip correspond under some "natural" 
correspondence. We mention two examples: 

6.2. Examples. 

(a) Suppose p G Irr L and d G Irr K are fully ramified with respect to each 
other. This means that ■& vanishes on K\L and ??l = np with n'^ — \K : L\. 
Equivalently, = e^p. It is clear that then Q{'d) = Q{p). Given H as in 
Hypothesis |6.1[ we see that is semi-invariant in G if and only if p is 
semi-invariant in H. If this is the case. Hypothesis |6.1| is true for F = Q. 

(b) Let TT be a set of primes and suppose that G is 7r-separable. Let K = 0,^r{G) 
and N/K = 0^{G/K). Let P be a Hall 7r-subgroup of TV and set L = Ck{P). 
Then for H = Ng(P) we have G = HK and L = HnK. Glauberman- 
Isaacs correspondence defines a bijection between (Irr|;(i4r))^ and Irr^L. 
Here, F may be a field of characteristic zero or of characteristic p with 
p G TT. By its naturalness, this correspondence commutes with field and 
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group automorphisms. Thus if e {liijf{K))^ and (p S lTTf{L) correspond 
and are semi-invariant in H, then Hypothes is |6.1| holds. We will study a 
generalization of the case n — {p} in Section Wu 



Now assume that Hypothesis |6 . 1 1 holds . As we go along, we will introduce further 
notation, which is meant to carry through. 



6.3. Lemma. 



7eGal(F(v)/F) 

is a H-stable nonzero idempotent in F_R'e(fl.F), and we have e(^^F)i = i = ie(fl.F) and 

Proof. We have e(^^^f) = J2-yeGa\{W{ti)/¥) ^l- Thus e(tf,F)« = i = 'ie{i},v) follows from 
e^e^ = for 7 7^ 7' e Gal(F(i9)/F). A similar argument shows that e(^^F)i — i — 
«e(^_F)- By assumption, e^^e^ ^ and thus i ^ 0, as e^i — e^e^}. For h E H,we have 

as desired. □ 

As Fi4re(^ F) is simple, it follows that ¥Ki¥K = FXej^ f) and thus i¥Ki and 
Fiire(^.F) are Morita equivalent. 

6.4. Lemma. 

Z(iFi^i) ^ Z(FKe(^,F)) = F(,9) = F((^) ^ Z(Fie(^,F)) 
as fields with H -action. 

Proof. Since ¥Ke(^§^f) = ¥Ki¥K, the map z is an isomorphism between 

Z(Fii'e(i5^F)) and Z(iFiiri). It commutes with the action of H, as i is invariant in H. 

The central character restricts to an isomorphism Z(Fi^e(^^F)) — F(i^) and 
commutes with the action of H by Part |(c)| of Lemma |5.7| The same reasoning 
applies to Lp. This completes the proof. □ 



(Alternatively, one can prove this lemma using Lemma 5.3 ) 

6.5. Lemma. Set Z = 'Z{i¥Ki) and let S = (iFKi)^ . Then S is a simple subalgebra 
ofi¥Ki with center Z ^ F(i9), and dimension over Z, and 

CiWKi{S) = ¥Li = Fie(ip^F)- 



Proof. Set io = e^e^e- The following diagram is commutative: 

FLe(;^_F) — — > i¥Ki — = — > ¥Ke[^Tg^ 



(Note that = ie^ = Hq — iq.) By Lemma 5.3 its vertical maps are isomorphisms. 



The result now follows from Lemma 13.21 □ 

As in Section [3| we have that iWKi = S ®z ^Lei^^^). But now H may act 
nontrivially on Z, so Z is in general not in the center of i¥Gi. To be precise, we 
have the following: 

6.6. Remark. Z{iFGi) nZ= Z" . 

Proof. Clear since i¥Gi = X^fteH i¥Kih. □ 
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What we need is a subalgebra 5*0 of S such that Z(5o) — =: Zq and S = SqZ. 
We now add to Hypothesis |6. 1| the assumption that there is such a subalgebra Sq in 
S. For example, if 5* = M„(Z), then M„(Zo) is such a subalgebra in M„(Z), and 
its image in S under some isomorphism is such a subalgebra in 5. In this example, 
^0 depends on the choice of a particular isomorphism S = M„(Z). 

Even worse, there may be different non-isomorphic algebras 5*0 of this type. For 
example, in S = M2(C) with C"^ = M on can choose 

So = M2(M) or So^l (^-^ ^) I ^ ^ 



The following general result is clear in view of Lemma 2.1 



6.7. Lemma. Let Zq ^ Z be a Galois extension of fields, and let S be a central 
simple algebra with Z(5) = Z. Suppose Sq ^ S with Z(S'o) ~ Zq and S = SqZ. 
Then S ^ Sq Z and Gal{Z / Zq) acts on S via {sz)'^ — sz'^ . 

There is a converse: If GslI{Z/Zq) acts on S such that the action extends the 
natural action of G&\{Z/Zq) on Z = Z{S), then 5*0 = Cs{Gal{Z/ZQ)) is central 



simple with center Zq and S = SqZ 10 Lemma 1.2]. We will not need this, however. 

We return to the situation of Hypothesis |6.1[ Note that, if Sq is given, we have 
two actions of H on S: The action by conjugation, and an action e defined by 
{sQzy^'^^ = sqz'^. The second action has kernel H^p, since the map H — > Gal(Z/Zo) 
has kernel H^p. 

We have now collected all the ideas necessary to generalize the results of Sections [3] 
and|4]to the situation of Hypothesis |6.1| In particular, the reader will see that i 
and 5* are the correct objects to work with (and not the idempotent e(.s^r)S{ip.¥)j for 
example) . 



6.8. Lemma. Suppose Hypothesis 6.1 and let Sq Q S with Z(S'o) = Zq and S = SqZ . 
Define e: — > Aut S by (soz)^*-^-* = sqz^ . For any x G H/L there is a{x) G S such 
that for every s £ Sq we have s^ = s'^^'^K For x,y £ H/L we have 

a{xy^y'^ a{y) = a(a;, y)a{xy) for some a{x, y) Z* ^ 

and a G Z^{H/L,Z*). 

We emphasize that Sq need not be invariant under H. 

Proof. Let x ^ H . The map sqz i— > SqZ (for sq G Sq and z ^ Z) yields a well defined 
Z-algebra automorphism of S. By the Skolem-Noether theorem it is inner. This 
means that there is a{x) G S* such that sq^ — sq'^^^'^ for all sq G Sq. Since L acts 
trivially on 5, we may choose a map a: H/L — > S* such that Sq = Sq*-^'*-' for all 
So € Sq. 

Note that then for sq G Sq and z G Z, we have 

(soz)" = sgz" = So^'^z" = (so^")"^"^ = (soz)^(")"("). 

Thus 

aixy) _ , x\y _ ( „'^(^)\y _ ( „<^(^) \e{y)cr(y) _ a(x)''^^ <j{y) 

Since Cs(»S'o) = Z, it follows that a{x)'^^y^a{y) ~ a{x, y)a{xy) for some a{x, y) G Z* . 
From 

(a{xf^y^a{y)^ a{z) = a(a;)^('^") (a(y)^(^V(z)) 

it follows that 

a{x, yYa{xy, z) = a{x, yz)a{y, z). 
Thns a e Z^ {H/L, Z*). □ 
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We may call a: H/L — > a "crossed projective representation". If we want to 
be more precise, we speak of an e-crossed projective representation or a projective 
representation which is crossed with respect to Sq. Note that Sq = Cs{s{H)), so 
that Sq is determined by s. Conversely, it is clear that e is determined by Sq. 

If 5*0 is fixed, then a{x) is unique up to multiplication with elements of Z, and 
thus the image of a in H^{H/L, Z*) is independent of the particular choice of a. 
The image of a in H^{H/L, Z*) does depend on the choice of 5*0, however. On the 
positive side, we have: 

6.9. Lemma. The class of a in H^{H/ L, Z*) depends only on the isomorphism 
class of Sq. 

Proof. Suppose 5*0 and Tq are isomorphic. Since S = Sq ®Zq Z ^ Tq (^Zq there is 
(by the Skolem-Noether theorem) u € S* such that Tg = (-S'o)". 

For he H, define 5{h) e Aut S by {tozY^''^ = toz^ for to G Tq and z & Z. Observe 
that s'^C'-' = s""''^^')". 

Now for X E H/L, set 

t{x) = [u,e{x)]a{x) = u"-^u^'^'^V(a;). 
Then for to = Sq E To we have 

f'^(^) _ u«"^u'<=">cr(a;) _ / u\e{x)tT{x) _ ( „u\x _ ,x 

and 

= u-^u^'^''y'^a{xf^y^a{y) = a{x,y)T{xy). 
Thus a and r define the same cocycle. □ 



6.10. Definition. In the situation of Lemma 6.8 we call a: H/L — > S" a magic (e-) 
crossed representation for the configuration of Hypothesis 6.1 (with respect to S'o), if 

(a) a{xy^y^ a{y) = a{xy) for all x,y & H/L and 

(b) s^ = s^(^)'^(^) for all X e H/L and s £ S. 

It is possible that for one choice of S'o, there exists a magic crossed representation, 
while for another choice such a magic crossed representation does not exist. For 
more details on this question, see |l7j pp. 2.37-2.41]. 



6.11. Theorem. Assume Hypothesis 6.1 and let Sq C S with S = Z(S)So and 
Z{So) = Z{S)". Define e: H/H^ -> Aut S by {sozY^'"'^ = soz^" for s S So and 
z € Z(S). Let a: H/L S he a magic e-crossed representation. Then the linear 
map 

k: FiJ C = CiFGi(So), defined hy h ^ ha{Lh)^^ for h e H, 
is an algebra-homomorphism and induces an isomorphism ¥He(^^^^) ^ C . 
Proof. Let Ch = ha{Lh)^^ . It is easy to see that indeed Ch E C. We compute 
ChCg = hcj{Lh)-^ga{Lg)-^ = kg (a(L/i)-i)"'^'"<^^^ a(Lg)-i 
= hgcf{Lg)-^ (a{Lhf^3)\ = fa{LhY^^^cr{Lg) 



= hgcr{Lhg) ^ = Chg. 

Thus K is an algebra homomorphism. From cr(l)^'^^-'cr(l) =cr(l) we see that cr(l) = 
Is — i, and thus k{1) = li for all / e L. Thus K(FLe(^ F)) = ¥Li and k(/) = for 
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every central primitive idempotent / of ¥L different from e(^_F). Now it follows as in 
the proof of Theorem 3.8 that k induces an isomorphism from F7Je(y_F) onto C. □ 



6.12. Corollary. Assume Hypothesis 6. 1 and let a : H/ L ^ S be a magic crossed rep- 
resentation, with respect to Sq C S. Then i¥Gi = Sq(^Zo ^He^^^py If Sq ^ M„(Zo), 
then i¥Gi = M„(Fi7e(;^.][r)) and FG'e(^^F) o-^d ¥He(^^,f^ are Morita equivalent. 



2.1 



Proof. All assertions follow from the first. Let C — Ci^ciiSo)- Then by Lemma 
we have i¥Gi = Sq ®Zo C (Remember that Zq C Z{i¥Gi)). By Theorem [OT 



G = FiJe(^,F)- The result follows. □ 

Suppose F ^ C. Let us write Irr(G | e(^^F)) for the set of all irreducible characters 
X G IrrG such that xi^is.v)) 7^ 0. (This notation could be used for arbitrary 
idempotents e G CG.) Of course, 

Irr(G I e(^,F)) = IJ ^"(^ I ^")- 

aeGal(F(i3)/F) 



6.13. Theorem. Assume Hypothesis \6.1\ with F ^ C. Every magic crossed represen- 
tation a defines linear isometrics 

i = i{G) : C[Irr(C/ | e(^j))] -> C[Irr(C/ n H \ e(^j))] {K U G) 



with Properties (a)-(i) from Theorem 4-3 (where S has to be replaced by Sq in 
Property (i) ). 

Proof Let us first assume that ¥{(p)" ^ ¥. Then Zq = Fig = ¥i and i¥Gi = So(g)wC, 
where C = CipciiSo)- The magic crossed representation a defines an isomorphism 
F7?e(^^F) — ^ C- By scalar extension, we get an isomorphism CTJcj^^f) — C (8)f G. 
Note that C (g)F G = Cc(g,,(iFGi)(*^ ^o)- Since C (8)f So is central simple, we get 
isomorphisms 

ZF(CGe(^ F), C) ZF(iCGi, C) 



ZF(C ®F G, C) ZF(CHe(^ f) 

As before, for x G C[Irr(G | e(^.F))] we have x'(^) — x{so<^{Lh)^^h), where sq G 5*0 
is some element with tr5jj/F(so) = 1- The rest of the proof of Theorem 



4.3 



now 



carries over verbatim. 

Now drop the assumption that ¥{ip)" = F and set Eq = F(^)^. (Thus Eq = 
Zo = Z{S)".) Then 

Eo = F( Yl ^')^n E ^')' 

g€[G■.G^,] he[H:H^] 

and ¥{x) contains Eq for any x G Irr(G | e(^_F)) U Irr(iJ | e(^^j)). Also ip and 
remain semi-invariant over Eq. 
Observe that 

ei'J.F) = X! ^OJ.Eo) and e(^,F) = X! ^fv.Eo)' 

aGGal(Eo/F) QGGal(Eo/F) 

All the idempotents e"^ and e"^ g^-j are invariant in _ff . Set 
J = TEo''^(e^e^) = E (e^e^)". 

aeGal(F(iJ)/Eo) 
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Then j is invariant in H and i — T-p"{j). The following diagram is commutative: 



The vertical maps are isomorphisms (by a generalization of Lemma 5.3). It follows 
that the map H/L 9 a; i— ^ = is a crossed magic representation r: iJ/L — >■ 

5j = (jEoKj)^ with respect to S'oj. 

Let a e Gal(F('!9)/F). Then t° defined by a; i— > T(a;)" = a{x)j°' is a magic crossed 
representation for the configuration of and (/j" . This follows from the fact that 
r is magic, or from the above argument with j", e(;^Q g^) and e(^Q_Eo) instead of j, 
e((^,Eo) and e(i)^Eo)- 

By the first part of the proof, the maps r" (a G Gal(F(i9)/F)) determine isometries 
(.(r") between C[Irr(G | e^s" ,¥.0))] and C[Irr(i/ | e(^c Eo))] commuting with field 
automorphisms over Eo. 

Choose ai G Gal(F(i9) /F) with 

|Eo:F| 

Gal(F(i9)/F) = (J Gal(F(z9)/Eo)a,. 



i=l 



Thus 
and 

We define 



Gal(Eo/F) = {a,|Ejz=l,...,|Eo:F|} 
C[Irr(G I e(^,E))] = 0C[Irr(G | e(^=.,Eo))]- 

i 

t(f^) = 0^(t"O: C[Irr(G | e(^,F))] ^ C[Irr(i/ | e(^j))]. 

If a|E(, = /3|Eo, then r" — and t(r") = l{t^). Thus ^(ct) is independent of the 
choice of the a^. It is clear that t(cr) commutes with field automorphisms fixing F. 
The isometries i(T") preserve Brauer equivalence classes of irreducibles characters 
over Eg. Since Eq C F(x) for all x G Irr(G | ej^^f)), it follows that t(r") preserves 



Brauer equivalence classes over F. Thus i{a) has Property (i) The other properties 



are clear. The proof is finished. □ 
6.14. Remark. We explain the relation between the last result (respective the 



more special Theorem 4.3 1 and Turull's theory of the Brauer-Clifford group [31]. 
The Brauer-Clifford group of a group X and a commutative X-algebra consists of 
equivalence classes of certain X-algebras. In the situation of Hypothesis |6.1| there 
are defined elements [[d]] and [[ip]] of the Brauer-Clifford group BrClif(-ff/L, F('i?)) 
of H/L over F(i?). The equivalence class [[S]] of the iJ/L-algebra S also belongs to 
BrClif(iJ/L,F(i?)), and one can show that [[^]] = [[S']][[(^]] in the Brauer-Chfford 
group fl7', Theorem A. 35]. In particular, if [[S]] = 1, then a result of Turull 31 



Theorem 7.12] yields a character bijection as in Theorem 6.13 One can also show 
that [[S]] = 1 if and only if S" = M„(Z) and a magic crossed representation H/L — > 5* 
exists, which is crossed with respect to a subalgebra Sq ^ M„(Zo). 

Our next goal is to exhibit the relation between the results of this section and 
those of Sections [3] and [4] In Section [3| our standing assumption (Hypothesis 3.11 



was that (p and d are invariant in H and that the field F contains the values of ip 
and Under the assumptions which are in force in this section (Hypothesis |6.1| 
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this is not the case. However, Hypothesis |3 . 1 1 holds for the configuration we get if we 
replace the group G by G^, the subgroup H by and the field F by ¥(Lp). Thus it 
makes sense to ask if there is a magic representation H^p/L — > {e^pe^¥{ip)Keipe^)-'" 



in the sense of Definition 3.7 for the configuration {G§, H^, K, L, d, tp) over the field 



6.15. Proposition. Assume Hypothesis 6.1 and let a: H/L S be a magic crossed 
representation. Set — e^e^. Then 

is a magic representation for the configuration (G^, Hip, K, Lj-d^ip) and for x S 
Irr(G^ I 1?) we have 

Proof. For s G 5, we have si,p — se§. That cr,p is a magic representation follows 
from Lemma 15.31 

Since t{a) commutes with induction of characters, it suffices to show that x'^"^-* = 
^'■i'^y,)^ Choose So G So with tiSo/Zoiso) = 1 = trs/z(so)- Then trT/F(fl) (sqv) = 1- 
Observe that e^i — i^p. This yields that for arbitrary h G H^p 

x'^'^Hh) = x{so<j{Lh)-'h) = x{e^soa{Lh)-^h) 

= x{so^^'jALh)-^h) ^ X'^^^^h) 

as claimed. □ 

This result just means that we get the correspondence t(cr) by composing the 
Clifford correspondences associated with iD and ip and a correspondence induced by 
a magic representation. Note that L.(a) is determined by L^a^) and this property. 

Conversely, if the configuration {G^,Hp, K, L, i9, ip) admits a magic representation 
r, we may compose the correspondence l{t) with the Clifford correspondences 
between Irr(G | i?) and Irr(Gi5 | respective between Irr(_ff | ip) and Irr(_ff;^ | (p). 
We get then a correspondence between Irr(G | i?) and Irr(i? | ip). But we do not get 
compatibility with field automorphisms and Schur indices over the field F from this 
argument, and we may have ¥{{)) ^ F(x) for some x G Irr(G | 

Finally, let us show that i(cr) is independent of the particular choice of Sq: 



6.16. Remark. Assume the situation of Theorem 6.13 and let u € S* . Set t(x) = 
u-^u^(^'^a{x). Then T is a magic crossed representation with respect to Tq = (S'o)", 
and L{a) ~ l{t). 



Proof. That r is magic follows from the proof of Lemma 6.9 Observe that t(x) = 
u~^a{x)u^ . Thus 

x'(^Hh) = x{hT{Lh)-\soT) = x{h{u'T'<yiLh)-'ui.sor) 

= xiu-^ha{Lh)-hou) = xiha{Lh)-\so) - x'^'Hh)- 

□ 

Thus if we view the isomorphism type of 5*0 as fixed, we may choose some Sq 
without loss of generality. If the subalgebra 5*0 is given, a magic representation a is 
unique up to multiplication with a map A: H/L — > Z* such that A(x)^A(y) = X{xy) 
for all X, y e H/L. (In other words, A G Z^{H/L, Z*).) In particular, X^^ € 
Lin(iJ^/L). It is not difficult to see that x'^^"^ = X-^x'^"'' for x G Irr(G | As 
such a X vanishes on G \ G^, we see that L(Xa) = t(cr), if A^f^ = 1. In particular, 
i(Ao-) = i{a) if A G B^{H/L, Z*), that is, if there is a G such that A(a;) = a^^a^ 
for all X G H/L. 
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For the last remark in this section, note that if cr is a magic crossed representation, 
then X i-~> m: s/zi^^ix)) defines an element of Z^{H/L,Z*), which we denote simply 
by nr((T). (Remember that nr = nrg/z denotes the reduced norm of S with respect 



to Z.) The following is analogous to Remark 4.4 



6.17. Remark. Let tt be the set of prime divisors of n. If there is any magic crossed 
representation, then there is a magic crossed representation a such that the class of 
nr((7) in H^{H/ L, Z*) has order a 7r-number. 

Proof. Suppose a: H/L ^ 5 is given. Let A = nr(cr) e Z'^{H/L, Z*). Let h be the 
7r'-part of o{\B^ {H / L, Z*)) . As n — dima is tt, there is r S Z with rn + 1 = 
mod b. Then nr(A''o-) = A"'+i has 7r-order modulo B^{H/L, Z*). □ 

Note that Z^{H/L, Z* ) might be infinite. If it is finite for some reason, we can 
even get that nr((T) itself has order a 7r-number. 

7. An example: coprime multiplicity 
We need the following result, which can be found in papers of Dade [7j Theorem 4.4] 



and Schmid 26 Theorem 2] : 

7.1. Proposition. Let Z/Zq be a Galois extension with Galois group T and S a 
central simple Z-algebra such that every 7 e F can be extended to an automorphism 
of S (as ring). If the Schur index of S is prime to |F|, then there is So ^ S with 
Z(5'o) = Zq and S = SqZ = Sq (E)Zo Z . If |F| is prime to dim^ S, then Sq is unique 
up to conjugacy (with elements of S*). 

This can be derived from Teichmiiller's work on noncommutative Galois theory, 
as Schmid [26] has pointed out. (Teichmiiller considered simple algebras such that 
Aut^j, 5* — >■ Ga.\{Z/Zo) is surjective. See Eilenberg and MacLane for an exposition 
and related results.) 



7.2. Proposition. Assume Hypothesis 6.1 with [n, \II/ L\) = 1. Then there is a magic 



crossed representation a such that its reduced norm is in B^(H/L, Z*). It yields a 
canonical correspondence t(cr) between C[Irr(G | ej^ f))] and C[1tt(H \ e(^^F))]- 

Proof. As F = Gal(Z/Zo) is a factor group of H/L, it follows that |F| and dimF(^) S 



are coprime. Thus by Proposition 7.1 there is Sq C S with 2(5*0) = Zq and 



SqZ = S, and 5*0 is unique up to inner automorphisms of S. For the moment, fix 



Sq. By Lemma 6.8 there is an e-crossed projective representation with factor set 
a G Z'^{H/L, Z*), say. But as n is coprime to \H/L\, it follows that the cohomology 
class of a is trivial. Thus there exists a magic crossed representation with respect to 
So- 

Since (n, \H/L\) = 1, there is a magic crossed representation such that its reduced 



norm is in B^{H/L, Z*) (by Remark 6.17 and since the exponent of H^{H/L, Z 



divides \H/L\). In particular, for x £ Hip/L we have m-{a{x)) = 1. Let j,^ 



and define a^{x) = a{x)iip for x £ H^/L as in Proposition 6.15 Then nr tT(^(a:) = 1 



for X G H^pjL. The magic representation is uniquely determined by this condition, 
and the correspondence i{a) is determined by ct,^ (by Proposition 6.15). Thus the 



correspondence t(cr) is canonical in the sense that it is independent of the choice of 
the particular map a. 

It remains to show that i((T) is independent of the choice of £"0. So assume that 
instead of Sq we work with S^. Then t{x) = u~^u'^^^^ a{x) is a magic crossed 
representation that yields the same correspondence as cr, by Remark |6.16| Since 

nr(r(a;)) = nr(u)^"'^ nr(M)^ nr(cr(a;)), 

it follows that nr t G B^{HlL, Z*) also. □ 
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7.3. Corollary. In the situation of Proposition 7.2 there is a uniquely defined 
character ijj of H^/L, and the correspondence i has the following property: For 
X G lrr(G^ I d), we have 

ixH,,)^ = V-X' and {{x'f")^ = V'X- 

(We do not claim that ip is defined by these equations.) 

Proof. Let ^ be the magic character of the magic representation x i— >■ <7{x)e^. This 



defines ip unambiguously. The result follows from Theorem 4.3 in particular (j) 



andKkM □ 



It may be worth pointing out that if we assume Hypothesis 3.1 instead of the 
more general Hypothesis |6.1| then Proposition |7.2| is an immediate corollary of the 
results from Sections [3] and |4] One only needs to observe that the cocycle associated 
with a magic representation must be trivial, since dimS* and \H/L\ are coprime. In 
particular, if one doesn't care about rationality questions and works simply over C, 
one can give a rather quick and transparent proof that there is a correspondence 
between Irr(G | -d) and lxx{H \ (p), if and \H/L\ are coprime. 

That the Clifford extensions associated with the characters d invariant in G and 
ip invariant in H are isomorphic was already proved by Dade [2j p . 0.4] in a more 



general situation, but over an algebraically closed field. Schmid 27 has generalized 
Dade's result to arbitrary fields, under the additional assumption that the Schur 
indices of and ip are coprime to \H/L\. One the other hand, both Dade and Schmid 
work in the more general context of group graded algebras. The description using 
the magic character ^ seems to be new, however. 

It would be nice to have a purely character theoretic description of the corre- 
spondences L. If ^ vanishes nowhere , then can be computed from the equation 
XHy, — V'X'- III this case, one needs only to know tp, but not cr or a special element 
So G So with tr(so) = 1, to compute This is true for example if G/ K is a p-group: 

7.4. Remark. If x € H^/L has p-power order, where p is any prime, then tp^x) ^ 



(in the situation of Proposition 7.2) 



Proof. If *p is a prime ideal of the ring of algebraic integers in C that lies above p, then 
ip{x) - '(/'(I) G *P. Since V(l) = n ^ pZ, it follows i;{x) i <P, and so ^{x) 7^ 0. □ 

The proposition and the corollary apply in particular if n = 1. Then S ^ F((^) 
and the canonical choice of a is the trivial map cr(a;) — i for all x. In particular, 
for X G Ii'i'(G^ I I?) we have {xH^)ip — X^- The last equation in fact defines 
then the correspondence. It follows that x^ is the unique element in Irr(i?^ | ip) 
with {xh^,X^) 7^ and the correspondence can also be defined by this condition 
(cf. Proposition |4.6| . This fact is known and can be proved just using elementary 



character theory [14^ Lemma 4.1]. Theorem 6.13 also implies that the correspondence 



preserves Schur indices if n = 1: Because then clearly 5o ^ F(i?)^ is split. In fact, 
FiJe((^ F) = i¥Gi when n = 1, where the isomorphism is given by multiplication 
with i. Note, however, that Hypothesis |6 . 1 1 still involves a rather special hypothesis 
about the fields ¥{■§) and F((^). 

8. Induction 

8.1. Lemma. Let G he a finite group, H ^ G and K <iG. Set N ^ KnU and 
L = K n H. Let G Irr K , rj £1tt N and p G Irr L. Assume that the configurations 



{G,U,K,N ,'Q,rf) and {U, H, N, L,ri,p) fulfill the conditions of Hypothesis 6.1 for 
the same field ¥. Then the conditions of Hypothesis \6.l\ also hold for the "composed" 
configuration (G, H, K, L, ??, tp) over F. 
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Figure 3. A composed basic configuration 



Proof. Note that we assume in particular that G — UK and U — HN . It follows 
that G = HK and L = H n K. (See Figure [s]) By assumption, > 
{■&N, v)n{vl, > 0, and F(i9) = F{t]) = F((p). 

Let h Q H. By assumption, there is 'jh € Gal(F(7])/F) such that {)^'"^ — ^ and 
jy'i7h — ^- and there is Sh € Gal(F((/5) /F) such that r/'"''' = 77 and ip''-^'^ = ip. Since 
only the identity of Gal(F(7])/F) can fix 77'', it follows that 5h = 7h- □ 

In the situation of the lemma, suppose that we have magic crossed representations 
CTi and (72 for the configurations (G, J7, K, N, 77) and {U, H, N, L, 77, ip), respectively. 
Then we have isometrics 

(.((Ti) : C[lrr{G \ Cf^^^w))] ^ C[Irr(C/ | e(^,F))] and 

t(a2): C[Irr([/ | e(,,F))] ^ C[Irr(i/ | e(^,F))] 

which commute with field automorphisms over F and have the other properties of 
Theorem 16.131 It follows that 

i((7i)t(a2): C[Irr(G | e(^,F))] C[Irr(i7 | e(^,F))] 

is an isonietry as in Theorem |6.13| The question arises if this isometry comes from 
a magic crossed representation. We try to prove this now. 
Define 

7 7 

7 7 
where all sums run over 7 G Gal(F(79)/F). Then 

j = «1«2 = Ml = M2 = = ji- 

Set 

S"! = (iiFKii)'^, S2 = {i2FNi2)^ and 5 = (iFifi)^. 

Then Z(5) = Z(5i) = Z(S'2) = F((^). All of the three centers are isomorphic to 
ZO'5'j) via z zj. 

8.2. Lemma. The map si (8" S2 1— >■ S1S2 G S' defines an isomorphism 

Si <S)z(s} -5*2 = i-Sj. 

Proof. Clearly, the map is well defined. Since Si and S2 commute, it is a ring 
homomorphism. The map must be injective since both Si and S2 are central 
simple over Z(5). To show that the image is all of jSj, it suffices to show that 
dimz(5)(jS'j) = 77,^ri2, since nf = dimz(5)(5'i). The isomorphism FKef^^ ^) — ^ 
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¥{i!})Ke^ takes jSj onto T :— (eije^e^F(??)_ftre^e^e,^)^. To compute the dimension 
of T over ¥{d) = E, we may assume that E is a sphtting field of K, N and L. Let V be 
a Eif- module affording -d. Then V^e^ = niW^ as EiV- module, where W affords f], and 
ye^e,p = nin2X as EL-module, where X affords ip. Thus T = (e^e^EiiTeije^e;^)^ = 
GjjEip) = ]V[„j„2(IE). Therefore dimji;(r) — {nin2)'^ as claimed. D 

Now let Z = Z{S) and set Zq = Z^ , the subfield fixed by the action of H. Our 
assumption that there are crossed magic representations Ui includes the assumption 
that the algebras Si are obtained by scalar extension from central simple Zg-algebras 



and 520, say. The isomorphism of Lemma 8.2 sends 5*10 (^Zo S20 onto a central 
simple Zo-algebra To, such that jSj ^ Tq ^- Thus the algebra jSj is obtained 
by scalar extension from Zq, and so is the algebra class of jSj in the Brauer group of 
Z(S'). Of course, S belongs to the same class as jSj. However, it doesn't follow that 
S itself is obtained by scalar extension from a Zo-algebra. (There exist examples to 
the end that some algebra S can not be obtained by scalar extension, while Mfe(S') 
can, for some A: > 1 fs', §14].) Thus we make the following assumption: 

8.3. Hypothesis. There are central simple Zo-algebras 5*10 C 820 ^ 5*2 and 

So Q S, such that 

Si = 5io (Eizo Z, S2 = 5*20 (^Zo Z, S ^ Sq ®Zo Z and 5105*20 C 5o. 

Moreover, there are magic crossed representations 

CTi : U/N Si and a2 : H/L S2 

which are crossed over 5io and 52o, respectively. 

Thus if we view 5io and 52o as given, we search for a central simple Zo-algebra 
5o that contains both 5ioj and 52oJ. This is somewhat more than only to assume 
that 5 is obtained by scalar extension from a Zo-algebra. 

8.4. Remark. Suppose 5io ^ Si and ai are given. Then Hypothesis |8.3| holds in each 
of the following cases: 

(a) Z ^ Zq (that is, ??, 77 and ip are invariant in H). 

(b) 5io and 52o are matrix rings over Zq and 5 is a matrix ring over Z. 

(c) j — i or, equivalently, n — ni7i2. 

(d) ni, 712 and n are all coprime to \Z : Zq\. 

(In the last case the result follows from Proposition |7.1[ ) 
We are now able to state the main result of this section: 



8.5. Proposition. In the situation of Lemma 8.1 assume Hypothesis 8.3 Then 
there is a magic crossed representation 

a: H/L -> 5 = (e^FT^e^e^)^ 

such that 

i{cr) = L{(Ti)i{a2). 
For this a, we have (j{h)j = (Ji{h)(j2{h). 

Proof. Set To — S10S20 and T = jSj. Define t(/i) = ai{h)a2ih) G T. Then for every 
^0 = S10S20 G Tq we have 

i^W _ „<^i{h) C2ih) _ h h _ ,h 
""O ~ *10 *'20 — *10''20 ~ '-O I 

since 5ij and 52j commute with each other. 
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As before, define e{h) e AutS* by {sozY'^''^ = soz^'^''\ Then 

T{xr^y^T{y) = ai(x)^(^Vi(y)a2(x)^(^V2(2/) 

= cri{xy)a2{xy) = T{xy). 

Again, tlic first equality liolds since Sij and 5*2^ commute, and tlie second follows 
since iSio, >5'2o ^ •S'o and ai and a2 are crossed over Sio and S20, respectively. 



By Lemma 6.8 a projective crossed representation a : H/L — >■ 5 exists, such that 
Sq = Sq^'*' for all So S Sq. In particular, this holds for elements of Tg. The idempotent 
j — ji is _ff-invariant by assumption, so that <7{h) centralizes j for every h Cz H. 
Thus j(j{h) = <j{h)j e r, and this element is invertible in T . For tp G Tq we have 
thus C^^^ = ^0^'*' = t(f = tl^^'\ As Cr(To) = Zj, it follows that ja{h) = XhT{h) 
for some € Z. Therefore ct is projectively equivalent with a representation. 

From now on, assume that a: H/L — > S* is such that j(j{h) — T{h) — ai{h)a2{h). 
We want to show that L{a) = i((Ti)/,((T2). Choose g S'jo with ^t: Sio/Zoi^i) — 1- 
Then 

trSo/Zo(«l«2) = trTo/Zo(siS2) = tr5^o/2o(si)tlS2o/Zo(s2) = 1- 

Let X € C[Irr(G' | e(^_][r))]. Let u £U and a £ FA^, and write a = Sue at ''^itli 
a„ e F. Since A^ ^ kercri, we have 

n£N neN 

= x{sio-i{u)~^au). 
Using this with a = S2cr2(^)~"'^, where h £ H is arbitrary, we get 

= x{si<7i{h)~''^ S2(J2{h)~'^h) (see above) 
= x{siS2T{h)~^h) 

= x{siS2(j{h)~^h) (as S1S2 e jS'j) 

= x'^"^(/i) (astrso/Zo(siS2) = l) . □ 

9. Lifting magic representations 

In this section, K denotes a field complete with respect to a discrete valuation 
v: K — >■ Z, with valuation ring A and with a perfect residue class field F = A/ i{A) of 
characteristic p > 0. The letter tt denotes a prime element of A, so that i{A) = Air. 

We need the following lemma which is probably well known. 

9.1. Lemma. Let X be a group that acts on A and a € Z'^{X, 1 + Att). Then the 
order of the cohomology class of a (in H^{X, 1 + An), and thus in H'^{X, A*)) is a 
p-numher (or 00, if \X\ is not finite). 

Proof. It suffices to show that if the cohomology class of a has p'-order, then a is a 
coboundary. So suppose that a is a cocycle such that is a coboundary for some 
p'-number k, say. Thus a{x,y)'^ — X{x)y X{y)X{xy)~^ for some A: A — > 1 + An. 
We will construct a sequence of maps /i„ : A — > 1 + An {n ~ 1,2, . . .) such that 

a{x,y)fi„{xy) = ^in{x)'yn„iy) mod tt" and 

fin+i{x) = iin{x) mod tt" 

for all 71. It follows that /i(x) = lim„_).oo IJ-n{x) exists, and that 

aix,y) = n{x)y^i{y)^i{xy)-^, 

as we want to show. 
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Choose a, 5 G Z with ak + bp = 1. We define fin recursively by 

We use induction to prove the above properties: By assumption, we have a{x, y) = I 
mod TT for all x,y ^ X. Also fi2{x) = A(a;)° = 1 — iii{x) mod tt since \{x) G 1 + Att 
by assumption. From /i„+i(a;) = fin{x) mod tt" it follows fin+i{xY = /i„(.T)P 
mod 7r"+^ and thus 

= \{xYfin{xf^ mod 7r"+i 
= /x„+i(x). 

Assuming that a{x,y) = /i„(x)^/i„(y)/i„(a;?/)^^ mod tt" by induction, we get 
a(x, y) = a{x, yY'^+'P - {\{x)y \{y)X{xy)-'y a{x, yf^ 

= (A(x)n(y)A(xy)-i)" (/.„(:r) V„(y)/i„(x2/)-i)''^ mod 

= Ain+i(a;)^Ai«+i(y)Mn+i(a;y)"^ 
The proof is finished. □ 

For convenience, we now fix notation to be used in the rest of this section. 

9.2. Hypothesis. Let A be a complete discrete valuation ring with quotient field 
K of characteristic zero and residue class field A/Att = F of characteristic p > Q. 
Suppose we are in the situation of Hypothesis |6. 1| with K instead of F. Recall that 
K <\Gaw<lH with G = KH and L = Hr^K, and that -d G IrriC and G IrrL 
are such that = K(iy9), and for every h E H there is jh € Gal(K(i9)/K) such 

that z?''^" = -i? and ip'^'^" = ip. 

Let L = K(i?) and let B be the integral closure of A in L. It is well known that 
v extends uniquely to a valuation on L and that B is the corresponding valuation 



ring 28 Chap. II, § 2]. Let E = B/3{B) be the residue class field of L. 



In addition, we assume that i3 and f have p-defect zero. 

It follows that G BK and G BL. Moreover, d and ip vanish on elements of 



order divisible by p 15 p. 8.17]. Thus the values of "i? and ip are contained in Q{e), 
where e is a primitive m-th root of unity with m not divisible by p. It follows that 
L is unramified over K |'28, Chap. IV, § 4]. Thus |L : IK| = |E : F| and 3{B) = Btt. 
The canonical homomorphism Gal(L/K) Gal(E/F) is an isomorphism. 

The canonical epimorphism ~: B ^ E extends naturally to BG, and we denote 
this extension also by ~. Since we will work mostly with AG and FG, we emphasize 
that we also use the symbol ~ to denote the restriction ~: AG — > FG, which is an 
epimorphism from AG onto FG. 

Suppose there is a magic crossed representation a: H/L (iWKi)^, where 
i — X]7GGai(L/K) 6^*6^. We wish to show that a lifts to a crossed magic representation 
a: H/L (iAKi)^ C (iKKi)^. 

Before we do this, we observe the following: 

9.3. Lemma. (i¥Ki)^ 9^ M„(E) and (iAKi)^ ^ M„(B). 

Proof. The first isomorphism follows since Z{{i¥Ki)^) = E and F has characteristic 
p > 0: Because then FfCe(^^K) and ¥Li = ¥Lei\^^ are matrix rings over E, and 
thus {i¥Ki)^ = Cj^j^j{¥ Li) must be a matrix ring, too. 

Since A is complete, we may lift idempotents, and thus the matrix units, to 
(iAKi)^ 20, Proposition 21.34]. The second isomorphism follows. □ 
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Next we show that Lemma 6.8 extends to valuati on ri ngs. Set S — (iAK%Y" and 
S = (zK/Ci)^. The isomorphism 2(5*) ^ L of Lemma 6.4 makes S into an L-algebra. 



Restriction to B yields an isomorphism B = Z(E), so we may view S as a _B-algebra. 
These isomorphisms respect the action of H. Let Lq = L-^, the subfield of elements 
fixed by H, and set Bq ^ B nho{= B"). 



By Lemma 9.3 S contains a set of matrix units, E (say). Let Eq be the So-sub- 
algebra generated by E, so that Eg = M„(Bo) and T, = T,o (^Bq B. Similarly, let 5'o 
be the Lp-subalgebra of S generated by E. Then clearly 5*0 = Eq (Sibo Lq. 

The identification of S with a matrix ring over L yields an action of Gal(L/K) 
on S; since H acts on L, we get an action of on S* which we denote by e. Thus, 
for So £ 5*0 and z £ 2(5), we have {sozY^^^ — sqz^. This action maps E into E. 

Since E is a matrix ring oyer the local ring Z(E) = B, every automorphism of E 
centralizing Z(E) is inner fisj Chap. 2, Theorem 4.8]. This applies to s i— > s^''*' 
Thus there is, for every h £ H, a,n element cr{h) £ E* such that Sq — Sq^'''* for 
all So G Eo (and then in fact for all so £ Sq). This yields a crossed projective 
representation a: H/L — > E*. We have thus proved: 



9.4. Lemma. In the situation of Hypothesis 9.2 there is a crossed projective rep- 
resentation a: H/L — > (iAKi)^ — E such that = s'^'^'"^^ for all s £ Eo, where 
Mn{B") Eo C (iAKi)^. 



9.5. Theorem. In the situation of Hypothesis 9.2, suppose that there is a magic 
crossed representation a: H/L — >■ {i¥Ki)^ . Then for every p' -subgroup V/L ^ H/L 
there is a magic crossed representation a: V/L — > (iAKi)^ lifting ayji^ (that is, 

a(x) = a(x) for x £ V/L). If n — {-dL, ^) ^ mod p, then there is a magic crossed 
representation a: H/L — > (iAKi)^ lifting a. 

Proof. Let a: H/L — > E = (iAKi)^ be a crossed projective representation, which 
exists by Lemma [9. 4[ 

Since d{h) £ E*, reduction modulo tt yields a crossed projective representation 

h^d(h) £l: = (iWKi)^. 

Clearly, t'^C') = t'^ for i g Eq = M„(E^). After multiplying a with a suitable factor 
from Z(E), we may assume that a{h) = a{h) for h £ H. Let a £ Z'^iH/L, B*) be 
the cocycle associated with a. Then a has values in 1 + Btt, since cr is multiplicative. 



By Lemma 9.1 the cohomology class of a has p-order. In particular, ay/L ~ 1 for 
any p'-group V/L. Thus ay/L is projectively equivalent with a crossed representation. 
If n ^ mod p, then it follows a ~ 1, since the class of a has order dividing n. The 
proof is finished. □ 

10. Reducing magic representations modulo a prime 



Assume Hypothesis 9.2 As before, let i = X]7eGai(L/K)(^'5^'y=)'*^ ^^'^ ^ — {i'^Ki)^ . 
Our aim here is to show that if there is a magic representation a : H/L — > S, then 
not only KGe(^_K) and K7Je(^_K) are Morita equivalent, but also ^Ge(^_K) and 
AHe^^^K). 

There is a quite general result of Broue of this kind [l] , but verifying the premises 
of Broue's result is nearly the same amount of work as proving the desired result 
directly. 

10.1. Lemma. AKe(^^j£^ — AKiAK. 

Proof. As FXej^^K) is simple, we have Fif e(^^K) = '¥KiWK. Thus 
AKe^iiX) = AKiAK + TrAKef^i^xy 
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By Nakayama's lemma, the result follows. 



□ 



It follows that AGe(i9^K) and iAGi are Morita equivalent. We now assume that 
a magic crossed representation a: H/L S = M„(L) exists. We know that then 
iKGi = M„(K_ffe((p jc)), and we want to show that the same is true if we replace K 
by A. We have seen in the last section that S = (lAKi)^ = M„(i?). Choose Sq C S 
with So = M.n{B") and let Sq = KSq = K (g)^ Sq. Then iAGi ^ M„(r), where 
r = CiAGi(So). It is clear that T = AG n C, where C = CiKGj(5'o)- We have to 
show that the isomorphism of Theorem 



that a{H) C E = {iAKiy 



6.11 



sends AHe 



onto r. We first show 



10.2. Lemma. In the situation of Hypothesis \97^ suppose that there is a magic 
crossed representation a: H/L S — (iKKi)^. Then a{H/L) C S = {lAKi)^ . 



Proof. By Lemma 9.4 there also exists a projective crossed representation a : H / L — >■ 
S. For he H, there is A G Z{S) = L such that d{h) = Xa{h), and thus Xa{h) e E*. 
This means that also {Xa{h))-'^ = A-V(/i-i) e S*. As A or A'^ is in Z(S) = B, it 
follows that a{h~^) or a{h) is in S. But as cr is a crossed representation and h has 
finite order, both are in S. Thus (t{H) C S as claimed. □ 

Remark. Completeness of K was not used in the previous proof, and in fact the 
lemma is true for any ring A integrally closed in its quotient field, and such that 
i S AK. This follows because such a ring is the intersection of all the valuation rings 
containing it. 



Keep the notation above and assume that a : H/L 

onto r. 



10.3. Lemma, 

Then the homomorphism k, of Theorem 6.11 maps AHe 



S 



IS magic. 



ha{Lh)-^ e C n AG = r. Therefore 
we see that T — ©(g^-TiCt, 



6.11 



Proof. From Lemma 10.2 it follows that Ch 
{AHe{^^j^))K C r. As in the proof of Theorem 
where Fi = F n AK and T is a set of representative of the cosets of L in H. Thus 
it suffices to show that (ALe(;p_K))'^ = Ti. We know that (ALe(^^K))K = ALi and 
that Fi = KLi n iAKi. Clearly ALi C Fi. But since ALi = ALe(^^K) = M„(i?), 
the subring ALi must be a maximal A-order of KLi = M„(i?) [25] Theorem 8.7]. 
Since Fi C iAKi is an A-order, the proof now follows. □ 

From what we have done so far it follows that, if a magic crossed representation 
S — {iKKi)^ exists in the situation of Hypothesis 



H/L 



9.2 



then AHcip and 

AGe(^ K) are Morita equivalent, and the equivalence induces the character bijection 
of Theorem |6.13[ The equivalence can be described more concretely: First, choose 
an primitive idempotent j e S = (iAKi)^. Then we have jAGj = jiAGij = F = 
AHcip, where an isomorphism from AHe^p onto jAGj is induced by the map sending 
h e H to jha{Lh)^^ = ha{Lh)^^j = jha{Lh)~^^j. Also we have i = I5 G EjE 
e AGiAG = AGe(^^K), so that AGjAG 



and 



-(i9,K) 



AGe 



(i5,K) 



The idempotent j 

is thus full in AGe(^^K) and we have a Morita equivalence between AGe(fl_K) and 
jAGj = jAGe(^_]K)j sending an AGe(^_K)-module V to Vj and an jAGj-module 
U to U ®jAG3 j-^G 19 Example 18.30]. Since jAGj = AHe^, this gives also an 



Morita equivalence between ylGe(^ K) and AHe^. We now have proved: 



10.4. Theorem. Assume Hypothesis 9.2 and let a: H/L S he a magic representa- 



tion. Then there is an idempotent j G {iAKi) = E such that AHe(^^x) — j-^Gj via 



the map defined hy h^ jha{Lh) , and AGjAG — v4Ge(,|5_K) 
and AGe(fl K) are Morita equivalent. 

Remark. The Morita equivalence is graded in the sense of 21) |22 



The rings AHe(^^^^-) 
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11. Above the Glauberman correspondence 

In this section, we need some notation and results from the theory of G-algebras, 
which we review shortly. Let A be an algebra, and suppose the group G acts on A. 
(Shortly, A is a G-algebra.) Remember that for subgroups Q ^ P ^ G we have a 
trace map Tg : A^ A^ given by Tgia) = J2xe[p-Q] (where [P : Q] denotes a 
set of representatives of the left cosets of Q in P), and that Aq :— Tq{A^) is an 



ideal oi A^ [29} § 11]. 

Now let A be an algebra over a field E of characteristic p > 0. We write A{P) for the 
factor algebra A^ /{A^p), where A^p denotes the ideal X]q<p ^qi running 
over proper subgroups of P. The canonical homomorphism brp = brp : A^ — > A{P) 
is called the Brauer homomorphism. If A{P) ^ 0, then P is a p-group. 

In the special case where A = Eif and P acts on the group K, we may (and 
do) identify A{P) with ECif(P); the Brauer homomorphism becomes the usual 
projection {EK)^ ^ ECjf(P). 

If e £ A'-^ is a primitive idempotent, then the minimal subgroups among the 
subgroups D ^ G for which e e A'f), are conjugate in G and are called defect 
groups of e. Defect groups are also characterized as maximal subgroups subject to 
bri3(e) ^ j29) § 18]. 

We describe now the situation we study in this section. (It is the same situation 
as studied by Dade [S].) Let G be a finite group with normal subgroups K ^ AI 
such that M/K is a p-group. Let ■(? G Irrif be invariant in M and semi-invariant in 
G and suppose that d has p-defect zero. Observe that then the coefficients of the 
central idempotent e^ G Q(z9)G are contained in the valuation ring 'Zip['&] (which is 
unramified over Zp). Let E — Zp[i9]/pZp[i9] be the residue class field. Write for 
the image of in KK under the homomorphism Zp['d]K EK. Then ejj S Z(EK) 
is a block idempotent of EK, and we have e^) = Tf^(a) for some a e EKe^, since i? 
has p-defect zero. 

One may view EK as an M-algebra. Let P ^ M be a defect group of the 
idempotent ej^ G (EK)^^ . Then M = ivTP and ii' n P 1. Set = Ng(P). Since 
•& is semi-invariant in G and Galois conjugate blocks have the same defect groups, 
it follows from the Frattini argument that G = HK. Set L = H C] K, so that 
L = Ck(P). 

Let (3 — brp^ : (EK)^ — > EL be the Brauer homomorphism. It induces a bijection 
between the primitive idempotents in (EK)^ = Z{EK)^ with defect P, and the 
primitive idempotents of (EP)'^"(^) with defect P. Since Nm(P) = LP, the last 
idempotents are the block idempotents of L with defect group 1. 

In particular, to i9 corresponds a character ip G IrrP of defect zero. (When K is 
a p'-group, then this is the Glauberman correspondent of i}. See also |23, §5.12].) 
The correspondence commutes with Galois automorphisms. Thus we arc in the 
situation of Hypothesis 9.2 with K = Qp, the field of p-adic numbers, and F = Fp, 
the prime field with p elements. Let e — e^^^Q^) and / = e(^^Qp) be the central 
primitive idempotents of FpK and FpL corresponding to the blocks of z9 and (p over 
the prime field Fp. (Remember that Gal(Qp('!?)/Qp) = Gal(E/Fp) canonically in 
this situation.) In this section, we set 

i = ^ {e^y. 

7GGal(E/Fp) 

11.1. Theorem. In the situation just described, there is a magic crossed representa- 
tion a: H/L (iWpKi)^. Moreover, a can be chosen such that hi:p{a{h)) = / for 
all h G Cg(P). 



30 



FRIEDER LADISCH 



We list some corollaries. 

11.2. Corollary. ¥pGe and VpHf are (H / L-graded) Morita equivalent. Any block 
ideal of FpGe is Morita equivalent to its Brauer correspondent with respect to P. 

Proof. The first assertion follows from Corollary |6.12| 

Now set S = (iWpKi)^ and remember that the magic crossed representation a 
(with respect to M„(Fp) = So C S) yields an isomorphism 

K:¥pHf ^CvMSo), h^ha{h)-\ 

This restricts to an isomorphism from Z{¥pHf) to Z{i¥pGi). Furthermore, the map 
z I— >■ is an isomorphism between Z(FpGe) and Z(iFpG'i). 

Z(FpGe) — ^ Z{i¥pGi) ^ — Z(¥pHf)- 

These isomorphisms yield a bijection between the block idempotents of FpGe and 
¥pH f . Let h e Z(FpGe) and c G Z{¥pHf) be block idempotents that correspond 
under these isomorphisms, that is, we have bi — en. The Morita equivalence that 
comes from the magic crossed representation a then yields a Morita equivalence 
between the blocks FpG5 and ¥pHc. Thus we need to show that c is the Brauer 
correspondent of b for an appropriate choice of a. An appropriate choice is any a 
such that brp(cr(/i)) = / for ft. e Cg(P). 

Write c — 'Ylh&H^hh and observe that c/j = for h ^ Ch{P) 
rem 5.2.8(ii)], since P is a normal p-subgroup of H. We compute 
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brp(6) = brp(6e) = brp(6)/ = brp(6«) — brp(cK) 



= brp ^ Chha{h) ^ 
\heCG{P) 

/i6Cg(P) 

= ^ Chh- f ^c, 
heCciP) 

as was to be shown. □ 

11.3. Corollary. There is a bijection l between Irr(G | e(^.Q )) and Irr(i7 | e^^^q )) 
with the properties given in Theorem \4.3\ In particular, the bijection l commutes with 
field automorphisms over Qp and preserves Schur indices overQp. Corresponding 
characters lie in Brauer corresponding blocks (with respect to P). 

This corollary is a slight generalization of one of the main results of Turull's 



paper 30 . In fact, this section gives a somewhat different proof of Turull's result, but 
not completely independent. In particular, we need a fact about endopermutation 
modules depending on Dade's classification of these objects [4j|5j. This fact was 
announced by Dade [6], but without proof. A rather sketchy proof was published by 
Puig [24] . We use the complete exposition with detailed proofs given by TuruU 30 



Section 3]. 

Our aim in this section is to show that Turull's result can be derived naturally 
from the theory developed here. We do not need Turull's theory of the Brauer-ClifFord 



group [31]. Also note that Turull assumes that K isa p'-group, and that Properties (j) 



and (k) in Theorem 4.3 and the connection with the Brauer correspondence give 



additional information. 
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Proof of Corollary \1 1.3\ We will show below (Lemma 11.9) that 

dimK{i¥pKi)^ = 1 mod p. 
Thus n = (i^L, if) = ±1 mod p. (Of course, this is a well known property of the 



Glauberman correspondence, cf. 23 §5.12].) By Theorem 9.5, the magic crossed 
representation a lifts to a magic representation in characteristic zero. The result 
follows from Theorem 16.131 □ 



To prove Theorem |11.1[ we need some facts about endopermutation modules and 
Dade P-algebras. 

For the moment, let P be a p-group and E an arbitrary field of characteristic 
p. A permutation EP-module is a module with an E-basis that is permuted by P. 
(Such a basis is called P-stable.) A permutation P-algebra is a P-algebra A that has 
a P-stable basis. An EP-module V such that Endg F is a permutation P-algebra, 
is called an endopermutation module. A Dade P-algebra over E is a permutation 
P-algebra S that is central simple over E, and such that S{P) ^ 0. Equivalently, 
the central simple algebra S has a P-stable basis B containing I5. This means that 
S viewed as an EP-module is a permutation module containing the trivial module 
E as direct summand. 

We need some properties of permutation modules and Dade P-algebras. First 
some elementary facts: 

11.4. Lemma. 

(a) Every direct summand of a permutation P-module is itself a permutation 
P-module. 

(b) // A and B are permutation P-algebras, then 

{A®eB){P)9^A{P) ®eP(P) 

canonically. 

(c) If S is a Dade P-algebra and S = M„(E), then S{P) is also a matrix ring 
over E. 

(d) // P acts on M„ (E) , where E is a perfect field, then there is a unique group 
homomorphism a: P GL„(E) such that s^ — s'^^^^ for all s G M„(E). 



Proof 29 Corollary 27.2, Proposition 28.3, Theorem 28.6(a), Corollary 21.4]. □ 



The proofs of the next results depend on Dade's classification of endopermutation 
modules for abelian p-groups |'4l, l5 i . 

11.5. Lemma. Let P be an abelian p-group, fei F ^ E be finite fields and V an 
endopermutation EP-module. Then there is an endopermutation VP-module Vq such 
that y ^ (X-F E. 



Proof. 30 Theorem 3.3]. □ 



11.6. Corollary. Let P be an abelian p-group, /ei F ^ E be finite fields and V an 
endopermutation EP-module. Write S = End^ V ^ T ~ End^ V . Then S and T 
have P-stable bases, S{P) embeds naturally in T{P) and Ct{S) = C'j^(-p)(S'(P)) = E 
naturally. 

That T has a P-stable basis means that V is an endopermutation module for P 
over F, this is Corollary 3.4 in [30] . 

Proof of Corollary \1 1.6\ By Lemma [11. 5 [ there is an endopermutation module Vq ^ 
Vrp such that y = Vb E. Set 

So = {seT\ Vos C Va} ^ Endp Vo. 
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Since Vq is an endopermutation module, 5*0 has a P-stable basis, B. 

Set Y = EndrE. Then T = Sq<SiwY as F-algebra. If we let act P trivially on Y, 
this is actually an isomorphism of P-algebras. Taking any F-basis C of Y, we see 
that {6 (g) c I & e B, c e C} is a P-stable basis of T. 

It is clear that Ct{S) = EndsV = E. Let A(E) ^ EndsE C Y and note 
that A(E) = E via multiplication. We have Cy(A(E)) = A(E). The isomorphism 
So(E)Y identifies S with Sq (E) A(E). 

As Y{P) = Y and E(P) = E, it now follows that T{P) ^ S'o(P) (g)F Y and 
S{P) ^ 5o(P) «)F E canonically. Thus also Ct(p){S{P)) ^E. □ 



If S" is a Dade P-algebra, then, by Lemma 11. 4| Part |(d)[ there is a unique group 



homomorphism a: P ^ S inducing the action of P on S. Thus the notation Ng* (P) 
is unambiguous, although strictly speaking we should write N5. (cr(P)). 

11.7. Lemma. Let P be an abelian p-group, let S be a Dade P-algebra and let 
brp : — >■ S{P) be the Brauer homomorphism. Then there is a group homomor- 
phism ip: 'Ns'iP) ~^ S{P)* such that (p extends brp and brp(c)''''-*' — brp(c'^) for 
all s e Ns- (P) and c e . 

Proof. [24] or (30) Theorem 3.11]. □ 
Set 

A^{aeAutS\ (t{PY = ct(P)}. 
Here Aut S denotes the set of all ring automorphisms of S, not just the E-algebra 
automorphisms. Since A stabilizes P, it follows that A acts naturally on S{P). 
Lemma [ll.7| can be strengthened: 

11.8. Lemma. If E = Z{S) is finite in the situation of Lemma \11.7\ the homomor- 
phism ip: N5* (P) — > S{P) can be chosen such that ipis"") — fis)'^ for all s G N5. (P) 
and a £ A. 

Proof. Let V5 be a simple S'-module. Then V is an endopermutation module for P 
over E. It is still an endopermutation module when viewed as a module over the 



prime field Fp, by Corollary 11.6 Let T — Endp V and view S = Ende V as subset 
of T. Then Ct{S) = E and C7(E) = S. 

The inclusion C induces an injection S{P) ^ T{P) by Corollary 
and Ct(p)(5(P)) = E 



11.6 



By Lemma 11.7 applied to T, there is a homomorphism (p: Nt* (P) — >■ T{P). We 
claim that p{Ns-'{P)) C S{P). Let s G Ns.(P) and z G Z(5). Then brp(z)'^('') = 
brp(z") = brp(z), so p{s) centralizes brp(Z(S')) ^ Z{S). Since Ct(p)(Z(S')) = 
S{P), the claim follows. 

Now let a & A. By the Skolem-Noether theorem [9] p. 3.14], there is t G P* such 
that s° = s* for all s e S. Since P° = P, it follows that t G Nt-(P). Thus for 

seNs.(P), 

p{s^) ^ Pis') ^ pisr^'l 
Now s G N5. (P) given, there is c G C such that p{s) — brp(c), as 



brp : — ?> S{P) is surjective. Then by Lemma 11.7 applied to T we have 

= brp(c)^(*) ^ brp(c*) = brp(c'^) = brp(c)" = pis)", 
where the second last equation follows from the definition of the action of A on 

s{p). a 

We work now in the situation of Theorem 111.11 We use the notation introduced 
at the beginning of the section before the statement of Theorem |11.1[ We set 
S = (iWpKi)^ and Z = Z(5) = E. We begin with a lemma. 
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11.9. Lemma. S is a Dade P-algebra with S{P) = E. (Thus diniE S — 1 mod p.) 
We may identify brp with the restriction ofhv^J^ to S. 

Proof. ¥K has a basis that is permuted by P. The same is thus true for the direct 
summand i¥Ki. By assumption, P centraHzes Z ^ Ti{¥Ke). Let B be some Z- basis 
of FL/. From iVKi ^ S (S)z ¥Lf it follows that i¥Ki ^ 0^,^^ S(E)bas FP-module 
(remember that L = Ck{P))- Thus 5 = S" (8) 6 is a direct summand of i¥Ki and 
thus a permutation P-module. 

Let P = br"^^ : {FK)^ ¥L. Note that /3(i) = /3(e/) = f^ = f and that 13(3^) C 
Z(FL/), as L centralizes S. It follows 5^/(5^ n ker /3) ^ /3(5'^) = Z(FL/) E. It 
remains to show that S ker/3 = kerbrp. It is clear that 

kerbr^ = E ^ E = l^^^^' 

Q<P Q<P 

Conversely, suppose 

s = E TQ(aQ) e S*^ n ker/3 with aq e (WK)'^. 

Q<P 

Since s — isi — J2Q<p^Qi''-'^Q'^)^ may assume ag G {i¥Ki)^. Now is a 
direct summand of i¥Ki as P-module. Letting tt: iFifi — >■ S* be the corresponding 
projection, we see 

s = nis) - E TQ(7r(aQ)) e E = kerbrp 
Q<P Q<P 

as was to be shown. The proof is finished. □ 

Proof of Theorem \l 1 . 1\ Suppose we have a counterexample to the theorem with 
\K/L\ minimal. Then clearly L < K.SetC = Cp{K), so that C < P. Let Pq/C 
be a chief factor of H/C with Pq ^ P and set Lq — Ck{Po)- As Pq > C, we have 
Lq < K. Now the composition 

(EKf ^ (ELo)^/^° EL 

gives just /3 = brp. Let 77 e IrrLp be defined by hTpg{e§) = e^. Set Mq = KPq 
and iJo = Ng(Po)- Note that Mq < G. We have decomposed the configuration 
(G, iJ, iiT, L, 1), ip) into two configurations: The configuration (G, TJq, J^^, Lq, rj) with 
Mq and Pq instead of M and P, and the configuration {Hq, H, Lq, L, r], ip) with PLq 
and P instead of M and P (see Figure |4]) . 

If L < Lq, then induction applies and yields magic crossed representations ci 
and (72 for the two configurations {G, Hq, K, Loj-dj-rj) and (Hq, H, Lq, L,ri,(p). Now 
note that all the hypotheses made in Section [8] are met. We apply Proposition |8.5| 
to conclude that there is a magic crossed representation a: _ff — > S*, such that 

(j{h)j ^ ai{h)(T2{h) with j ^ y^(e^e^ey)^. 

7 

By induction, we may also assume that hTpg(ai(h)) — e^^ q^j for ft, G Cq(Pq) and 
brp ((72 (/i)) e(;^.Qp) = / for /i e Cg(P). As brp(e^J") = brp(e^) = e;^, it follows 
that brp(j) = /. Thus for h e Cg(P), 

brp((7(/i)) = hrp{a{h)j) = brp(brp„ ((7(/i)j)) 

= brp(brpn((7i(/i)cr2(/i))) 
= brp(e(^,Q^)CT2(/i)) 

It follows that our configuration is not a counterexample. 
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Figure 4. Proof of Theoremlll.il 



Thus we can assume L — Lq. We may replace P by Pq and assume that P/C is 
a chief factor of H. In particular, we can assume that P/C is abelian. 

S which induces the 



By Lemma 11.4 Part |(d)[ there is a unique a: P/C 
action of P on S. Let 1^ be a simple S'-module, which becomes an endopermutation 
EP-module via cr. By Lemma [11.51 there is an FP-module Vq such that V ^ Vo^rE. 
We may assume Vq < V. Let 5*0 = {s e 5* | Vqs C Vq}. Then a{P) C 5*0 and 
So = M„(F). 

The action of H/L on S yields a projective crossed representation a: H/L — > 5*, 
that is, for each h E H there is an element a{h) = cf{Lh) G S* such that s'' = s'^*-''-' 
for all s G 5*0, that is, tr is crossed with respect to 5*0. (Note that we may assume 
a{x) = <j{x) for X G P.) 

Let X G P and h E H. By the uniqueness of ct on P, we must have a{x)^ = a{x^). 
It follows that _ 

^ a(a;)'' = cj{x^) E cj{P). 

Thus E N5.(ct(P)). 



Let £ : H/L — > Aut S* be defined by (sqz) 



for So e 5*0 and zeZ{S) 



E. To CT belongs a cocycle a E Z^{H/L, Z{S)*) such that 

a{xY'^'^^'(7{y) — a{x,y)a{xy) for all x, y E H/L. 
Now we apply the homomorphism (p: N5. ((t(P)) — > S{P)* = E* of Lemmas 11.7 



and |11.8] to this equation. It follows that 

(p{a{x)y'^y^Lp{a{y)) = a{x,y)ip{a{xy)). 

(Here, ip{a{xy'^'^^) — Lp{/a{h)Y^y^ follows from Lemma 

a{h) := ip{a{h))-^a{h) 

defines a magic crossed representation a : H/L — > S. Moreover, for this choice of cr 
we have (p{a{h)) = Igrp). Here, we may identify S{P) with Z(FL/). Since ip extends 



) Thus 



LS(P) 

brp, it follows that for c E Cg(P) we have brp(CT(c)) 
finished. 



ip{a{c)) — f. The proof is 
□ 
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